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Abstract. We give an explicit local classification of conformally equivalent but 
oppositely oriented Kahler metrics on a 4- manifold which are toric with respect to 
a common 2-torus action. In the generic case, these structures have an intriguing 
local geometry depending on a quadratic polynomial and two arbitrary functions 
of one variable, these two functions being explicit degree 4 polynomials when the 
Kahler metrics are extremal (in the sense of Calabi). 

One motivation for and application of this result is an explicit local description 
of Einstein 4-manifolds which are hermitian with respect to either orientation. 
This can be considered as a riemannian analogue of a result in General Relativity 
due to R. Debever, N. Kamran, and R. McLenaghan, and is a natural extension 
of the classification of selfdual Einstein hermitian 4-manifolds, obtained inde- 
pendently by R. Bryant and the first and third authors. 

We discuss toric compactifications of these metrics on orbifolds and provide 
infinite discrete families of compact toric extremal Kahler orbifolds. Our exam- 
ples include Bach-flat Kahler orbifolds which are conformal to complete smooth 
Einstein metrics on an open subset. We illustrate how these examples fit with 
recent conjectures relating the existence of extremal toric metrics to various no- 
tions of stability. 



1. Introduction 

This paper concerns pairs of Kahler metrics in real dimension four which induce 
the same conformal structure with opposite orientations, and are also toric with 
respect to a common 2-torus action. More precisely, we consider a 4-manifold (or 
4-orbifold) M equipped with Kahler metrics (g + , J + , uj + ) and ( g_ , J_ , uj- ) such that 

• g+ and g_ belong to the same conformal class (i.e., g_ = f 2 g+ for a positive 
function / on M); 

• J + and J_ induce opposite orientations (i.e., the volume elements \u+ Aw + and 
\u- A o;_ on M have opposite signs); 

• there is a 2-dimensional subspace of vector fields on M, linearly independent on a 
dense open set, whose elements are hamiltonian and Poisson-commuting Killing 
vector fields with respect to both (g + ,uj + ) and (p_,w_)J3 

We refer to such data as an ambitoric structure on M. 

Our motivation for studying ambitoric geometry is twofold. The first comes from 
the theory of hamiltonian 2- forms in four dimensions [BJ. Indeed, any orthotoric 
Kahler metric and certain Kahler metrics of Calabi type on a 4-manifold admit a 
conformally equivalent Kahler metric and two commuting Killing fields satisfying 
the above conditions. We recall these constructions in sections 14.11 and 14.21 below. 
There is also a link between ambitoric conformal metrics and symmetric Killing 
(2, 0)-tensors, which we explain in an appendix. 



Date: October 6, 2010. 

^If u is a symplectic form, hamiltonian vector fields K\ — grad^ fi and K2 = grad^ ji Poisson- 
commute iff the Poisson bracket 72} with respect to u is zero. This holds iff u[K\, K2) = 0. 
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The second class of examples that naturally involve ambitoric structures comes 
from the theory of Einstein 4-manifolds (M, g) with algebraically special half-Weyl 
tensors W^. By this we mean that at any point of M at least two of the three 
eigenvalues of coincide, when W + and W~ are viewed as symmetric tracefree 
operators acting on the three-dimensional spaces of selfdual and antiselfdual 2- 
forms respectively!! The riemannian Goldberg-Sachs theorem [1] and the work of 
Derdzihski [22J imply that such Einstein metrics admit (generically unique up to 
signs) orthogonal complex structures J+ and J_ which are conformally Kahler. 
Moreover, in the case when W do not vanish, the conformal Kahler metrics are 

_i_ 2/3 _o 

given by g± = \W \ g g, and conversely g = s± g±, where s± are the scalar 
curvatures of g±. From the J±-invariance of the Ricci tensor of g, it then follows 
that grad w± s± are commuting Killing vector fields for g± , yielding an ambitoric 
structure unless they are linearly dependent. The special case of selfdual Einstein 
4-manifolds with algebraically special selfdual Weyl tensor has been already worked 
out in [5] . With a little more work, we prove in Theorem Q] that any Einstein 4- 
manifold with algebraically special half-Weyl tensors locally admits a compatible 
ambitoric structure. 

Thus motivated, we study ambitoric structures in general: we show that in a 
neighbourhood of any point, they are either of Calabi type (and hence classified by 
well-known results), or "regular 1 '' . We then obtain, in Theorem [21 an explicit local 
classification of regular ambitoric structures in terms of a quadratic polynomial q 
and two arbitrary functions A and B of one variable which are positive on some 
interval. The classification reveals a subtle geometry behind regular ambitoric 
structures which we attempt to elucidate, but some features remain mysterious. 

For practical purposes, however, our classification reduces curvature conditions 
on ambitoric structures to systems of functional ODE's, rather than PDE's, and 
we explore this in greater detail in section [6l where we compute the Ricci forms 
and scalar curvatures for an arbitrary regular ambitoric pair (g + ,g~) of Kahler 
metrics. By solving the resulting equations, we then prove, in Theorem [3l that 
g+ is extremal (in the sense of Calabi) if and only if g_ is; further A and B are 
then explicitly determined as polynomials of degree at most 4 whose coefficients 
satisfy three independent linear equations depending on q, which we solve for 7 free 
parameters (one of which can be seen as a homothety factor of the metric). Among 
these structures, those containing an Einstein metric in their conformal class are 
characterized by the vanishing of the Bach tensor (see section 13. 2|) which in turn 
places one further quadratic relation on the coefficients of A and B. This yields 
an explicit local description of all Einstein 4-dimensional manifolds (M,g) with 
algebraically special half-Weyl tensors (Corollary [1]). 

The explicit form of extremal ambitoric structures makes it possible to study 
their compactifications as toric Kahler orbifolds using rational Delzant polytopes 
(see [214 [38]) defined by the roots of the polynomials A and B appearing in the 
local classification. We use the description of compact toric Kahler orbifolds given 
by Guillemin |30| and Abreu [2] in order to obtain sufficient conditions for an 
ambitoric metric to compactify (Proposition [TT]) . This leads to infinite discrete 
families of extremal Kahler orbifolds. Among them are Bach-flat Kahler orbifolds 
which are globally conformally Einstein as well as examples where there is an open 
set on which the Kahler metric is conformal to a smooth, complete Einstein metric. 



This class of riemannian 4-manifolds can be seen as an analogue of the Einstein lorentzian 
4-manifolds with Weyl tensor of Petrov type D, which has been extensively studied in General 
Relativity, and classified by R. Debever, N. Kamran and R. G. McLenaghan in [20] . 
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In section [9] we illustrate how these toric orbifolds fit in into the conjectures by 
Donaldson [23] and Szekelyhidi [13] , relating the existence of extremal toric metrics 
to various notions of stability of the underlying varieties. In our specific case, it 
turns out that the notion of K-polystability with respect to toric degenerations 
introduced in [23] is directly related to the positivity of the two polynomials A{z) 
and B{z) appearing in the definition of the extremal ambitoric metrics. We use this 
observation to define a special class of rational Delzant polytopes in M 2 for which 
Donaldson's conjecture holds true (Theorem This yields explicit examples of 
(unstable) toric orbifolds which do not admit extremal Kahler metrics. 

The first author was supported by an NSERC Discovery Grant. He would like to 
thank Niky Kamran for very useful discussions and the Institute of Mathematics and 
Informatics of the Bulgarian Academy of Sciences where a part of this project was 
realized. The second author is grateful to the Leverhulme Trust and the William 
Gordon Seggie Brown Trust for a fellowship when this project was conceived in 
2001, and to the EPSRC for a subsequent Advanced Research Fellowship. The 
authors would like to thank Liana David and the Centro Georgi, Pisa, for the 
opportunity to meet in 2006, and also the Banff International Research Station for 
providing excellent conditions to complete most of this work in 2009. 

2. AMBIHERMITIAN AND AMBIKAHLER GEOMETRY 

2.1. Conformal hermitian structures. Let M be a 4-dimensional manifold. 
A hermitian metric on M is defined by a pair (<?, J) consisting of a riemann- 
ian metric g £ C°°(M, S 2 T*M) and an integrable almost complex structure J € 
C°°(M, End(TM)), which are compatible in the sense that g(J-, «/•) = g(-, ■)■ 

The fundamental 2-form or Kahler form of (g, J) is defined by uj 9 (-, •) := g(J-, •); 
it is a J-invariant 2-form of square-norm 2. The volume form v g = ^u 9 Aw s induces 
an orientation on M (coinciding with the complex orientation of J) with respect 
to which uj 9 is a section of the bundle A + M of selfdual 2-forms; the bundle A~M 
of antiselfdual 2-forms is then identified with the bundle of J-invariant 2-forms 
orthogonal to uj 9 . 

For any metric g = f~ 2 g conformal to g (where / is a positive function on M), 
the pair (g, J) is also hermitian. The Lee 1-form, 9 9 , of (g, J) is introduced by 

(1) dw 9 = -IB 9 Aw 9 , 

or equivalently 6 9 = — ^J5 9 ui 9 , where 5 9 is the co-differential with respect to the 
Levi-Civita connection D 9 of g. Since J is integrable, doj 9 measures the deviation 
of (<?, J) from being a Kahler structure (for which J and to 9 are parallel with respect 
to D 9 ). Thus a hermitian 4-manifold is Kahler if and only if 9 9 = 0. Indeed D 9 oj 9 
is given by the equation 

(2) D 9 x uo 9 = J6 9 A X b + 6 9 A JX\ 

where := g(X, •) denotes the 1-form dual to the vector field X (see e.g., [3]). 

For conformally equivalent metrics g = f~ 2 g, the corresponding Lee forms are 
linked by 9 9 = 9 9 + d log /; it follows that there is a Kahler metric in the conformal 
class if and only if 6 9 is exact; locally, this is true if and only if dO 9 = and g is 
uniquely determined up to homothety. 

Remark 1. A conformally invariant (and well known) interpretation of the Lee 
form may be obtained from the observation that a conformal class of riemannian 
metrics determines and is determined by an oriented line subbundle of S 2 T*M 
whose positive sections are the riemannian metrics in the conformal class. Writing 
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this line subbundle as A 2 := A (g) A (with A also oriented), it is thus equivalently a 
bundle metric c on A ® TM and the volume form of this bundle metric identifies 
A 4 with A 4 T*M. A metric in the conformal class may be written g = £~ 2 c for a 
positive section £ of the line bundle L = A*; such an £ is called a length scale. 

Any connection on TM induces a connection on L = (A 4 TM) 1 / 4 ; in particular 
the Levi-Civita connection D 9 of g = £~ 2 c induces the unique connection (also 
denoted D 9 ) on L with D 9 £ = 0. More generally, a connection D on TM is 
said to be conformal if Dc = 0. It is well known (see e.g. |15j) that taking the 
induced connection on L defines an affine bijection from the affine space of torsion- 
free conformal connections on TM (the Weyl connections) to the affine space of 
connections on L (modelled on the vector space of 1-forms). 

If J is hermitian with respect to c, it is easy to verify that the connection D 9 + 
9 9 on L is independent of the choice of metric g = £~ 2 c in the conformal class. 
Equation ([2]) then has the interpretation that the induced torsion-free conformal 
connection D J on M is the unique such connection with D J J = 0, while d9 9 may 
be viewed as the curvature of the corresponding connection on L. 

In view of this remark, we will find it more natural in this paper to view a 
hermitian structure as a pair (c, J) where c is a conformal metric as above, and J 
is a complex structure which is orthogonal with respect to c (i.e., c(J-, J-) = c(-, •)). 
We refer to (M, c, J) as a hermitian complex surface. A compatible hermitian 
metric is then given by a metric g = £~ 2 c in the corresponding conformal class. 

2.2. Ambihermitian and ambikahler structures. 

Definition 1. Let M be a 4-manifold. An ambihermitian structure is a triple 
(c, J+, J_) consisting of a conformal metric c and two c-orthogonal complex struc- 
tures J± such that J + and J_ induce opposite orientations on M@ 

A metric g = £~ 2 c in the conformal class is called an ambihermitian metric on 
(M, J+, J_) and we denote by u± (resp. 9±) the fundamental 2-forms (resp. the 
Lee forms) of the hermitian metrics (g, J±). 

The following elementary and well-known observation will be used throughout. 

Lemma 1. Let M be a 4-manifold endowed with a pair (J + , J_) of almost complex 
structures inducing different orientations on M . Then M admits a conformal met- 
ric c for which both J + and J_ are orthogonal if and only if J+ and J_ commute. 
In this case, the tangent bundle TM splits as a c-orthogonal direct sum 

(3) TM = T + M © T-M 

of J±-invariant rank 2 subbundles T±M defined as the ±l-eigenbundles of —J + J-. 

It follows that an ambihermitian metric is equivalently given by a pair of com- 
muting complex structures on M and hermitian metrics on each of the complex 
line subbundles T + M and T_M. 

Definition 2. An ambihermitian conformal 4-manifold (M, c, J+, J_) is called am- 
bikahler if it admits ambihermitian metrics 5+ and g- such that (g+,J+) and 
(g-,J-) are Kahler metrics. (It follows that an ambihermitian structure is am- 
bikahler if and only if with respect to any ambihermitian metric g = £~ 2 c, the 
corresponding Lee forms Q 9 ^ are exact.) 

The prefix ambi- means "on both sides", often left and right: ambihermitian structures have 
complex structures of either handedness (orientation); they should be contrasted (and not con- 
fused) with bihermttian structures where J± induce the same orientation on M. 
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With slight abuse of notation, we denote henceforth by oo + and w_ the corre- 
sponding (symplectic) Kahler forms, thus omitting the upper indices indicating the 
corresponding Kahler metrics g+ and g_. Similarly we set v± = Aoj±. 

3. Einstein metrics and ambikahler 4-manifolds 

3.1. Algebraically special Einstein 4-manifolds. One motivation for study- 
ing ambikahler 4-manifolds is the classification of Einstein 4-manifolds with alge- 
braically special half-Weyl tensors. 

The riemannian Goldberg-Sachs theorem [3] and the work of Derdzinski [22] im- 
ply that there is a one-to-one correspondence between oriented Einstein riemannian 
4-manifolds admitting, about each point, a compatible ambihermitian pair (J + , J_) 
and oriented Einstein riemannian 4-manifolds for which both half-Weyl tensors, W + 
and W~, are everywhere degenerate in the sense that at any point of M at least 
two of the three eigenvalues of W + (resp. W~) coincide, where W + (resp. W~) is 
viewed as a symmetric tracefree operator acting on the three-dimensional space of 
selfdual (resp. antiselfdual) 2-forms. Furthermore, we know from [22j that on each 
connected component of M each of W + and W~ either vanishes identically, or has 
no zero, in which case it has exactly two distinct eigenvalues (one simple and one 
of multiplicity 2) on that component. 

If both vanish, then g is a real space form, i.e., is locally isometric to S* 4 , R 4 or 
i^ 4 , hence trivially ambikahler. If instead the Einstein metric g is half conformally- 
flat but not conformally-flat, we can assume W~ = 0, W + 7^ 0, by changing 
the orientation of M if necessary. Then, W + is degenerate if and only if g is an 
selfdual Einstein hermitian metric (see [5] for a classification). In either case, the 
underlying conformal structure of the Einstein metric is ambikahler with respect 
to some hermitian structures J± (see also the proof of Theorem [1] below) . 

Therefore, let us assume that W + and W~ are both nonvanishing. Then, ac- 
cording to [U [22] , the normalized generators of the simple eigenspaces of are 
Kahler forms of (unique up to sign) compatible hermitian structures J±; moreover, 
the conformally equivalent metrics g± = \W^\g^g are Kahler with respect to J± 
(respectively). Thus, we obtain a canonically defined ambikahler structure. The 
following proposition summarizes the situation. 

Proposition 1. [H [22] For an oriented conformal ^-manifold (M, c) with a com- 
patible Einstein metric g = i~ 2 c, the following three conditions are equivalent: 

• both half-Weyl tensors W + and W~ are degenerate; 

• about each point of M there exists a pair of complex structures J+ and «/_ such 
that (c, J+, J-) is ambihermitian; 

• about each point M there exists a pair of complex structures J+ and J_ such that 
(c, J + , J_) is ambikahler. 

If M is simply connected and are both nonzero, then the compatible ambikahler 
structure (J + , J_) is unique (up to signs of J±) and globally defined. 

3.2. Bach-flat ambikahler conformal structures. In order to characterize those 
ambikahler structures which are conformally Einstein per Proposition [H we recall 
some properties of the Bach tensor B of a conformal 4-manifold, which may be char- 
acterized as the gradient of the functional c t-t J M \ W\ 2 under compactly supported 
variations of the conformal metric c, where W is the Weyl tensor of c. 

B is a co-closed tracefree section of L~ 2 <g> S 2 T*M. For any riemannian metric 
g = l~ 2 c in the conformal class, B 9 = £ 2 B is a symmetric bilinear form on TM 
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defined by the well-known expressions [6] 

(4) B 9 = 5 9 5 9 W + W g (S 9 ) = 2(5 9 5 9 W ± + (W^giS 9 )), 

where S 9 is the normalized Ricci tensor of g, defined by S 9 = \{r g — \s g g) with 
r g and s g being the usual Ricci tensor and scalar curvature of g respectively. In 
these formulae we use the action of Weyl tensors on symmetric bilinear forms h by 
W g (h)(X,Y) = Ylt=i d(Wx,eiY, h 9 {ei)) where {e^} is any orthonormal frame, and 
h 9 stands for the corresponding endomorphism determined by g. We adopt similar 
definition for the actions of . It immediately follows from these expressions that 
c is Bach- flat (i.e., B is identically zero) if W + or W~ is identically zero. 

The conformal invariance of B implies that B* 9 = f 2 B 9 , and using the second 
Bianchi identity one sees that 

(6°W)(X) Y>Z = -(D 9 Y S 9 )z,x + (D 9 z S 9 ) Y ,x. 

Thus c is also Bach-flat if the conformal class contains an Einstein metric. 

If J is a complex structure compatible with the chosen orientation and g is Kahler 
with respect to J, then W + = ^s g (u 9 ® uj 9 )q (where (-)o denotes tracefree part), 
and the Bach tensor is easily computed by using (UJ): if B 9 ' + and B 9 ~ denote the 
J-invariant and J-anti- invariant parts of B 9 , respectively, then (see |22j) 

(5) B 9 > + = \(2D + ds g + s g r § ) , B 9 ~ = -\D~dsg, 

where, for any real function /, D + df, resp. D~df, denotes the J-invariant part, 
resp. the J-anti-invariant part, of the Hessian D 9 df of / with respect to g, and ho 
denotes the tracefree part of a bilinear 2-form h. 

It follows [22J that the Kahler metric (g, J) is extremal (i.e., Jgrad^ s g is a Killing 
vector field) if and only if B 9 is J-invariant. In this case the Ricci tensor of the 
metric g := 2 g (defined wherever s g is nonzero) is J-invariant. Further, B 9 is 
identically zero if and only if g = s^ 2 g is an Einstein metric wherever it is defined. 

Applying this result to either Kahler metric of an ambikahler conformal structure 
(c, J + , J_) we obtain a useful characterization of the ambikahler conformal classes 
arising from Proposition [TJ 

Proposition 2. Let (M, c, J+ , J_) be a connected ambikahler 4-manifold. Then c 
is Bach-flat if and only if there is a compatible Einstein metric g = £~ 2 c defined on 
a dense open subset of M . 

Proof. If c is Bach- flat then both of the Kahler metrics (g+, J+) and (g-, J J) are 
extremal, so their scalar curvatures, s+ and s_, are Killing potentials. By the 
unique continuation principle, each of s± is either nonvanishing on an open dense 
subset of M or is identically zero. In the former case, at least one of the conformal 
metrics s^ 2 <7+ and sZ 2 g~ is well-defined and Einstein on an open dense subset of 
M. On the other hand, if s± are both identically zero, so are W^, i.e., c is a flat 
conformal structure. In particular, there are compatible Einstein metrics on any 
simply connected open subset of M. 

Conversely if there is compatible Einstein metric on a dense open subset, then, 
as already noted, B vanishes identically there, hence everywhere by continuity. □ 

We end this section with the following observation. 

Lemma 2. Let (M, c, J+, J J) be a connected ambikahler conformal A-manifold 
which is not conformally-flat and for which the corresponding Kahler metrics g + , 
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g_ are extremal, but not homothetic. Then c is Bach-flat if and only if the scalar 
curvatures s± of g± are related by 

/— v \ 1/4 

(6) C+S - = C(—) s+, 

where C± are constants not both zero and v± are the volume forms of (g±, J±). 

Proof. If s + or s_ is identically zero, (M, c) is half-conformally-flat and (with C+ 
or C_ zero) the result is trivial. Otherwise, if c is Bach-flat, s~l 2 g+ and sZ 2 g- 
are Einstein metrics defined on open sets with dense intersection, so they must be 
homothetic, since (M, c) is not conformally-flat. Thus 

(7) s- + 2 g + = CsZ 2 g-, 

for a positive real number C, and ([6]) holds with (C_/C+) 2 = C. 

Conversely, with s± nonzero, ([6]) implies 0, and we may assume g± are chosen 
so that g := sZ 2 g+ = sZ 2 g- (i.e., C = 1). Applying a well known result (see [22| l4"]) 
to both g + and g_, we deduce that W + and W~ are both harmonic with respect 
to g: 5 9 W + = 5 9 W~ = 0. Thus from Q, 

(8) B9 = 2(W ± ) g (S 9 ). 

Moreover, since {g + , J + ) and (g-, J_) are both extremal by assumption, S 9 is J + - 
and J_-invariant. It follows that S 9 = ^gs g g + \k (J + J-) g , where (J + J_) g denotes 
the symmetric bilinear form defined by 

(j+j_) 9 (x,y) = 5 (j + j_x,y) = -s(J+x, j_y), 

and K is an unknown function (our aim being to show that K = 0). Relation (|8|) 
can then be rewritten as 

B 9 = K (W ± ) g ((j+J-)g) =K(W ± ) g± ((J + J^) g± ) = i KS± (J+J-) g± 

We deduce that ks+ = ks^. Since g + and ^_ are not homothetic, s + and s_ are 
not identical; since they are Killing potentials, they are then not equal on a dense 
open set. Thus k = 0. □ 



4. AMBITORIC GEOMETRY 

We are interested in studying ambikahler 4-manifolds where both Kahler metrics 
are toric with respect to a common T 2 -action. The following definition captures 
the pointwise geometry of the situation. 

Definition 3. An ambikahler 4-manifold (M,c, J+, J-) is said to be ambitoric 
if it is equipped with a 2-dimensional family t of vector fields which are linearly 
independent on a dense open set, and are Poisson-commuting hamiltonian Killing 
vector fields with respect to both Kahler structures (g±, J±,w±). 

Note that hamiltonian vector fields K = grad^ / and K = grad w / Poisson 
commute (i.e., {/, /} = 0) if and only if they are lagrangian in the sense that 
u(K,K) = 0; it then follows that K and K commute (i.e., [K,K] = 0). Thus t 
is an abelian Lie algebra under Lie bracket of vector fields. We usually refer to 
potentials for hamiltonian Killing vector fields as momenta or Killing potentials. 

We further motivate the definition by examples in the following subsections. 



8 



V. APOSTOLOV, D.M.J. CALDERBANK, AND P. GAUDUCHON 



4.1. Orthotoric Kahler surfaces are ambitoric. 

Definition 4. [6] A Kahler surface (M, g, J) is orthotoric if it admits two inde- 
pendent hamiltonian Killing vector fields, K\ and K 2 , with Poisson-commuting 
momenta x + y and xy, respectively, where x and y are smooth functions on M 
such that dx and dy are orthogonal. 

The following result is an immediate corollary to [6, Props. 8 & 9]. 

Proposition 3. Any orthotoric Kahler surface (M, g + , J+,K±, K 2 ) admits a canon- 
ical opposite hermitian structure J_ with respect to which M is ambitoric with 
t=<{K u K 2 }>. 

4.2. Ambitoric Kahler surfaces of Calabi type. 

Definition 5. [6] A Kahler surface (M, g + , J + ) is said to be of Calabi type if it 
admits a nonvanishing hamiltonian Killing vector field K such that the negative 
almost-hermitian pair (g + ,J_) — with J_ equal to J + on the distribution spanned 
by K and J+K, but — J+ on the orthogonal distribution — is conformally Kahler. 

Thus, any Kahler surface of Calabi type is canonically ambikahler. An explicit 
formula for Kahler metrics of Calabi type, using the LeBrun normal form [36j of a 
Kahler metric with a hamiltonian Killing vector field, is obtained in [&, Prop. 13]: 
J+,u+) is given locally by 

g+ = {az - b)ffs + w(z)dz 2 + w(z)~ 1 (dt + a) 2 , 
lu + = (az — + dz A (dt + a), da = aws, 

where z is the momentum of the Killing vector field, t is a function on M with 
dt(K) = 1, w(z) is function of one variable, gs is a metric on a 2-manifold £ with 
area form uf£, a is a 1-form on £ and a, b are constant. 
The second conformal Kahler structure is then given by 

g _ = (az - b)~ 2 g + , 

uj- = (az — b)~ l u)Y> — (az — b)~ 2 dz A (dt + a). 

Note that the (S, (az — b)uj^, (az — 6)<7s) is identified with the Kahler quotient 
of (M,g+,uj+) at the value z of the momentum. The following observation is then 
straightforward to establish. 

Proposition 4. An ambikahler structure of Calabi type is ambitoric with respect to 
Killing vector fields K\,K 2 with K G <{K\, K 2 }> if and only if (E, gs,^>T,) admits 
a hamiltonian Killing vector field. 

We shall refer to ambitoric 4-manifolds arising locally from Proposition H] as 
ambitoric Kahler surfaces of Calabi type. A more precise description is as follows. 

Definition 6. An ambitoric 4-manifold (M,c, J+, J J) is said to be of Calabi type 
if the corresponding 2-dimensional family of vector fields contains one, say K, with 
respect to which the Kahler metric (g + ,J + ) (equivalently, (<?_, J_)) is of Calabi 
type on the dense open set where K is nonvanishing; without loss, we can then 
assume that J + = J_ on <{K, J + K}>. 

Note that this definition includes the case of a local Kahler product of two Rie- 
mann surfaces each admitting a nontrivial Killing vector field (when we have a = 
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in ©). In the non-product case we can assume without loss a = 1,6 = and the 
Kahler structure (g + ,u + ) takes the form 

z , 2 Viz) , , , 2 

(io) 9+ = Z9E + W) dz + —(dt + a) > 

lu + = zujy, + dz A (dt + a), da = 

while the other Kahler metric (g_ = z~ 2 g + , J_) is also of Calabi type with re- 
spect to K = d/dt, with momentum z = z^ 1 and corresponding function V(z) = 
z 4 V(l/z) = V(z)/z 4 . 

The form (|10p of a non-product Kahler metric of Calabi type is well adapted 
to curvature computations. We summarize in the next proposition the local result 
that we need in this paper. 

Proposition 5. Let (M, g + , J + ) be a non-product Kahler surface of Calabi type 
with respect to K . Denote by J_ the corresponding negative hermitian structure 
and by g_ the conformal Kahler metric with respect to J_. 

• J+) is extremal if and only if (<?_, J_) is extremal and this happens precisely 
when (S,<7s) in (|10p is of constant Gauss curvature k and V{z) = aoz 4 + aiz 3 + 
kz 2 + 032: + 04. In particular, (c, J+, J_) is locally ambitoric. 

• The conformal structure is Bach-flat if and only if, in addition, 4aoa4 — 0103 = 0. 

• (g + , J_|_) has constant scalar curvature if and only if it is extremal with oq = 0; 
it is Kahler-Einstein if, moreover, 03 = 0. 

Proof. The result is well-known under the extra assumption that the scalar cur- 
vature s+ of the extremal Kahler metric 5+ is a Killing potential for a multiple 
of K (see e.g., [UJ Prop. 14]). However, one can show [0J Prop. 5] that the later 
assumption is, in fact, necessary for g + to be extremal. □ 

4.3. Ambihermitian metrics with diagonal Ricci tensor. 

Definition 7. An ambihermitian metric (g, J+, J_) on a 4-manifold M has diagonal 
Ricci tensor if the Ricci tensor Ric 9 G C°°(M, S 2 T*M) is both J + and J_ invariant. 

It follows that we may write 

Ric9{X, Y) = fg(X, Y) + hg(J + J^X, Y) 

for some functions /, h. Clearly ambihermitian Einstein metrics have diagonal Ricci 
tensor. A Riemannian version of the Goldberg-Sachs theory [3] implies that the 
Weyl tensors W + and W~ of any ambihermitian metric with diagonal Ricci tensor 
are degenerate, and hence the Lee forms 0± of J± have the property that d9 9 + is 
antiselfdual, while d9 9 _ is selfdual. 

Let us suppose that d9± = 0, so that (g, J + , J J) is locally ambikahler. (This is 
automatic if M is compact, or if 6 9 + + 9 _ is closed, for example.) Thus on an open 
set we have Kahler metrics given by g± = tp±g with Kahler forms ui± = g±(J±-,-)- 

A well-known argument (comparing the J±-invariant Ricci tensors of g and g±) 
now shows that <p± are Killing potentials with respect to (g±, J±) respectively. The 
corresponding u;±-hamiltonian Killing vector fields Z± = grad w± ip± are also Killing 
vector fields of g, since they preserve ip± respectively. Hence they also preserve Ric 9 , 
W + and W~. 

Let us further suppose that Z + preserves J_, which is automatic unless g is 
selfdual Einstein, and that Z_ preserves J+, which is similarly automatic unless g 
is antiselfdual Einstein. It follows that Z± preserves (/Jzp up to scale. 
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Definition 8. A diagonal ambikahler structure (g, J+,J_) is an ambihermitian 
metric g with diagonal Ricci tensor which is ambikahler and such that the vector 
fields Z± defined above are holomorphic and Killing with respect to both (g + , J + ) 
and (g-,J-). 

It follows that Z± are lagrangian, hence Poisson-commuting hamiltonian Killing 
vector fields with respect to both (g + , J + ,ui + ) and (g + , J + ,uj + ). 

Proposition 6. Let (g, J,oj) be a diagonal ambikahler structure on connected man- 
ifold M with hamiltonian Killing vector fields Z + , Z_. Then precisely one of the 
following cases occurs: 

(i) Z + and Z_ are identically zero and (M, c, J+, J_) is a locally a Kahler product 
of Riemann surfaces; 

(ii) Z + <S> Z^ is identically zero, but Z + and Z_ are not, and (M, c, J+, </_) is 
either orthotoric or of Calabi type; 

(iii) Z + A Z_ is identically zero, but Z + (g) Z_ is not, and (M,c, J+, J-) is either 
ambitoric or of Calabi type; 

(iv) Z+ A Z_ is not identically zero, and (M, c, J+, J_) is ambitoric. 
In particular (M, c, J+, J_) is either ambitoric or of Calabi type. 

Proof. By connectedness and unique continuation for holomorphic vector fields, 
these conditions are mutually exclusive and the open condition in each case holds 
on a dense open set. Case (i) is trivial: here g = <?+ = g- is Kahler and J+ J_ is a 
D 9 -parallel product structure. 

In case (ii) either Z + or Z_ is zero on each component of the dense open set 
where they are not both zero. Suppose, without loss that Z + = so that g = g + 
and Z_ = J_ grad p _ ip- = J_ grad fl A with A = — 1/<£_. However, since Z_ also 
preserves w+, J + J-d\ is closed, hence locally equal to \da for a smooth function 
a. According to [6, Remark 2], the 2-form <p := ^auj + + A 3 w_ is hamiltonian with 
respect to the Kahler metric (g+, J+); by (SJ Theorems 1 & 3], this means that 
g = g + is either orthotoric (on an open dense subset of M), or is of Calabi type. 

In case (iii) Z + and Z_ are linearly dependent, but are both nonvanishing on a 
dense open set. Hence, we may assume, up to rescaling on each component of this 
dense open set, that Z := Z + = Z-. This is equivalent to 

<"> M^) ='-(£)■ 

which may be rewritten as 

2j±d(—^—) = j T d(\ + 4a 

Since hg, with h = l/ip + (p_, is the barycentre of <7+ and g-, it follows (cf. |34j 
and Appendix \A.2\i that the symmetric tensor g(S-,-), where S = fid + /iJ + J_ 
and If = l/(p% + l/(pi , is a Killing tensor with respect to g. Clearly CzS = 0, 
and it follows from (jlip that D 9 Z^ is both J + and J_ invariant. Thus X i— )■ D 9 X Z 
commutes with 5 and -Df 5 1 = 0. Straightforward computations now show that S'Z 
is a Killing field with respect to g, and hamiltonian with respect to oj±. 

Moreover, Z and SZ commute and span a lagrangian subspace with respect to 
uj±, so define an ambitoric structure on the open set where they are linearly indepen- 
dent. Clearly Z and SZ are linearly dependent only where J+J_Z is proportional 
to Z, in which case g± is of Calabi type. 

Case (iv) follows by definition. □ 
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4.4. Ambihermitian Einstein 4-manifolds are locally ambitoric. According 
to Proposition [H any Einstein metric g with degenerate half Weyl tensors — 
in particular, any ambihermitian Einstein metric (g, J+, J_) — is ambikahler and 
Bach-flat. Conversely by Proposition [21 Bach- flat ambikahler metrics (g±,J±) are 
conformal to an Einstein metric g on a dense open set. 

In the generic case that are both nonzero, the ambikahler metrics conformal 

_i_ 2/3 

to g are g± = \W \ g g, and the Einstein metric is recovered up to homothety as 
g = s± 2 <?±, where s± is the scalar curvature of g±. We have already noted that the 
vector fields Z± := J±grad 9± s± are Killing with respect to g± (respectively) and 
hence also g. More is true. 

Proposition 7. Let (M, c, J+, J_) be a Bach- flat ambikahler manifold such that the 
Kahler metrics g± have nonvanishing scalar curvatures s±. Then the vector fields 
Z± = J±grad 9± s± are each Killing with respect to both g + and <?_, holomorphic 
with respect to both J+ and J—, and lagrangian with respect to both u + and uj- {i.e., 
uj±(Z +1 Z-) = 0); in particular Z + and Z_ commute. 

Furthermore (M, c, J+ , J_ ) is ambitoric in a neighbourhood of any point in a 
dense open subset, and on a neighbourhood of any point where Z + and Z_ are 
linearly independent, we may take t= <{Z + ,Z_}>. 

Proof. Z + and Z_ are conformal vector fields, so they preserve and its unique 
simple eigenspaces. One readily concludes [H [22] that the Lie derivatives of g+, 
g-, J + , J_ (and hence also oj + and w_) all vanish. Consequently, Cz + S- = = 
Cz_s+ — or equivalently co±(Z +1 ZJ) = 0. This proves the first part. 

Since we are now in the situation of Proposition [61 it remains to show that 
(M, c, J+, J_) is ambitoric even in cases where Proposition [6] only asserts that the 
structure has Calabi type. In case (i) this is easy: g = g+ = g- is Kahler-Einstein 
with D 9 -parallel product structure, so is the local product of two Riemann surfaces 
with constant Gauss curvatures. 

In case (ii) g = g+ is Kahler-Einstein, Proposition implies that the quotient 
Riemann surface (E,<?e) has constant Gauss curvature. 

In case (iii) g± are extremal, so we have either a local product of two extremal 
Riemann surfaces or, by Proposition [SJ the corresponding quotient Riemann surface 
(£,gs) has constant Gauss curvature; it follows that g+ is locally ambitoric of 
Calabi type. □ 

Remark 2. The case Z + = above yields the following observation of independent 
interest: let (M,g, J,uj) be a Kahler-Einstein 4-manifold with everywhere degener- 
ate antiselfdual Weyl tensor W~ , and trivial first deRham cohomology group. Then 
(M, g, J,uj) admits a globally defined hamiltonian 2-form in the sense of [6j and, 
on an open dense subset M°, the metric is one of the following: a Kahler product 
metric of two Riemann surfaces of equal constant Gauss curvatures, or a Kahler- 
Einstein metric of Calabi type, described in Proposition or a Kahler-Einstein 
ambitoric metric of parabolic type (see section 16. 3p . 

Theorem 1. Let (M,g) be a connected oriented riemannian Einstein 4-manifold 
with degenerate half- Weyl tensors W + and W~ . Then, about each point of an open 
dense subset of M , g admits a compatible ambitoric structure (J+, J_, t). 

Proof. If W + and W~ identically vanish, we have a real space form and g is locally 
conformally-flat (and is obviously locally ambitoric). 

If g is half-conformally-flat but not flat, then g admits a canonically defined 
hermitian structure J = J+, i.e. g is an Einstein, hermitian self-dual metric (see [5] 



12 



V. APOSTOLOV, D.M.J. CALDERBANK, AND P. GAUDUCHON 



for a classification). In particular, g is an Einstein metrics in the conformal classes 
of a self-dual (or, equivalently, Bochner-flat) Kahler metric J+). We learn from 
[12\ [6] that such a Kahler metric must be either orthotoric or of Calabi type over a 
Riemann surface (E,gs) of constant Gauss curvature. In both cases the metric is 
locally ambitoric by the examples discussed in the previous subsections. 

In the generic case, the result follows from Propositions [H [2] and [7J □ 

5. Local classification of ambitoric structures 

In order to classify ambitoric structures on the dense open set where the (local) 
torus action is free, we let (M, c, J + , J-) denote a connected, simply-connected, 
ambihermitian 4-manifold and K: t — > C°°(M,TM) a 2-dimensional family of 
pointwise linearly independent vector fields. Let e G A 2 t* be a fixed area form. 

5.1. Holomorphic lagrangian torus actions. We denote by K\ the image of 
A G t under K, by Im the rank 2 subbundle of TM spanned by these vector fields, 
and by G Vl}(M, t) the t-valued 1-form vanishing on t M C TM with 0{K\) = A. 

We first impose the condition that K is an infinitesimal J±-holomorphic and 
o>±-lagrangian torus action. We temporarily omit the ± subscript, since we are 
studying the complex structures separately. The lagrangian condition means that 
Im is orthogonal and complementary to its image Jtjy/ under J; thus Jiu = t^. 
The remaining conditions (including the integrability of J) imply that the vector 
fields {K\ : A G t} and { JK\ : A G t} all commute under Lie bracket, or equivalently 
that the dual 1-forms 6 and JO are both closed. Thus we may write 6 = dt with 
dd c t = 0, where d c t = Jdt and the "angular coordinate" t : M — > t is defined up to 
an additive constant. Conversely, if dd c t = then dt — \/—ld c t generates a closed 
differential ideal f^ 1 ' ) for J so that J is integrable. 

5.2. Regular ambitoric structures. We now combine this analysis for the com- 
plex structures J±. It follows that J+iM and J-iu coincide and that iu is pre- 
served by the involution — J + J_ . Since the eigenbundles (pointwise eigenspaces) of 
— J+J_ are J-t-invariant, iu cannot be an eigenbundle and hence decomposes into 
+1 and —1 eigenbundles £m and tjm- the line bundles £m> Wm, J+£,m = J-£ai 
and J+tjm = J-Vm provide an orthogonal direct sum decomposition of TM. 

We denote the images of £m and tjm under dt by £ and r] respectively. We thus 
obtain a smooth map (£, rj): M — )• P(t) x P(t) \ A(t) where A(t) is the diagonal. 

The derivatives d£ G fi^M, £*TP(t)) and drj G fl l (M, rj*TP(t)) vanish on t M 
(since £ and 77 are t-invariant). In fact, more is true: they span orthogonal directions 
in T*M. (Note that £*TP(t) = Hom(£,t/£), with t := M X t, is a line bundle on 
M, and similarly for rj*TP(i).) 

Lemma 3. d£ vanishes on J±r\M and drj vanishes on J±£,m; hence = d$, A dr\ G 
Sl 2 (M,£*TP(t) (g> r/*TP(t)) only on the subset of M where d£ = or drj = 0. 

Proof. The 1-form (J + + J )dt is closed, vanishes on J±tjm and tM, and takes 
values in £ C t (it is nonzero on J ± £ A /). Hence for any section u of 

= d [e(u, (J+ + J-)dt)) = e{du A (J+ + J_)di) 

and so (du mod £) A (J+ + J-)dt = 0. This implies that d£ is a multiple F of 
l(J + + J-)dt G ^{M,i). Similarly drj is a multiple G of ±(J+ - J_)dt. □ 

Thus if £ and rj are functionally dependent on an connected open set U, then 
one of them is constant (spanned by A G t); if M is ambitoric, it is then of Calabi 
type (with respect to K\). In the ambitoric case, there is thus a dense open set M° 
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such that on each connected component, the ambitoric structure is either of Calabi 
type, or d£ A drj is nonvanishing. 

Definition 9. If d$, and dr) nowhere vanish, we say (M, c, J+, J_, K) is regular. 

In the regular case d£ = \F(i){J + + J_)dt and d»/ = \G(rj)(J + - J_)eZt where 
F, are local sections of 0(3) over P(t); more precisely F{£) : M — > Hom(£, £*TP(t)) 
and similarly for G(r)), but TP(t) = 0(2) using e. We let ^ denote the composite 
of £ with the natural section of 0(1) <£> t over P(t), and similarly rft. We construct 
from these J±-related orthogonal 1-forms 

d£ e(dt,rfi) drj e(&,dt) 



F($y e($,r,*y G( v y ^W) 

(with values in the line bundles or ij*) which may be used to write any t- invariant 
metric g in the conformal class as 

de d^ , (e(dt,^)\\ G( V ) fe(^,dty 2 



Here 17 and F are local sections of 0(1, 0) and 0(0, 1) over P(t) x P(t) \ A(t). 

More concretely, in a neighbourhood of any point, a basis A = 1,2 for t may 
be chosen to provide an affine chart for P(t) so that := £,K\ — K 2 and K v := 
r/Ki — K 2 are sections of £m and t]m respectively, where £ > rj are functionally 
independent coordinates on M. The components oft: M — > t in this basis complete 
a coordinate system (£,r],ti,t 2 ) with coordinate vector fields 

d_ = j ± K 1 d_ = j ± K IL JL = K — = K 
di f(0 ' dr, g(t?) ' dh u dt 2 2 ' 

Replacing (J + , J_) with (— J + , — J_) if necessary, we can assume without loss that 
F and (now functions of one variable) are both positive, and thus obtain the 
following description of t- invariant ambihermitian metrics in the conformal class. 

Proposition 8. An ambihermitian metric (g, J + , J_) which is regular with respect 
to a 2-dimensional family of commuting, J±-holomorphic lagrangian Killing vector 
fields is given locally by 

d( 2 dif F(Q(dt 1 + rjdt 2 ) 2 G( V )(dt 1+ £dt 2 y 

[ > 9 F(0U(£, V ) + G( V )V(t,r)) + u^, v )(^- v y + v^, v )(^- v y ' 

g _ d£ A (dh + 7] dt 2 ) dr] A {dh + £ dt 2 ) 

tiA\ jc t jc t- Tj,,^dh+r)dt2 jc jc ,dti+£dt 2 

(14) d%£ = d c _£ = F(0 _ , d c + rj = -d c _n = G(rj) - _ - 

for some positive functions U and V of two variables, and some positive functions 
F and G of one variable. (Here and later, d±h = J±dh for any function h.) 

We now impose the condition that (c, J + ) and (c, J_ ) admit t- invariant Kahler 
metrics g+ and g-. Let / be the conformal factor relating g± by g- = f 2 g+. Clearly 
/ is t-invariant and so, therefore, is the metric 

9o ■= fg+ = f~ x g- 

which we call the barycentric metric of the ambitoric structure. The Lee forms, 9±, 
of (go,J±) are given by 9± = =F^log/. Conversely, suppose there is an invariant 
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ambihermitian metric go in the conformal class whose Lee forms 6± satisfy 

(15) 9° + + 6°_ = 

(16) d{6° + - 0° ) = 0. 

Then writing locally 9+ = — ^dlogf = —9°_ for some positive function /, the 
metrics g± := f^go are Kahler with respect to J± respectively. 

Thus, regular ambitoric conformal structures are defined by ambihermitian met- 
rics <7o given locally by Lemma El and whose Lee forms 9± satisfy (|15|) and (|16p . 

Lemma 4. For an ambihermitian metric given by Lemma [8] the relation f)15[) is 
satisfied (with go = g) if and only ifU = U(£) is independent ofrj and V = V(rj) is 
independent o/£. In this case (USD is equivalent to U^) 2 = and V{rf) 2 = R(rj), 
where R(s) = r^s 2 + 2r±s + r 2 is a polynomial of degree at most two. 

Under both conditions, the conformal factor f with g_ = f 2 g+ is given — up to a 
constant multiple — by 

(it) /«,,,) = m^mf^m 

where 

R(Z, v) = R(0 - hit - v)R'(0 = R(n) + i(£ - v)R'(v) 

= r £r] + ri(£ + T]) + r 2 , 

Proof. The Lee forms 0± are given by 28 ± = u±d£ + v±dn, with 

V(, V u v u 

u ± = 77 ± 77 7T7> v ± = 77 =F 



In particular, u++u~ = 2V^/V and v+ + V- = 2U rj /U. It follows that 9 9 + + 9 9 _ 
if and only if U v = and = 0. This proves the first part of the lemma. 
If (fT5|) is satisfied, then 

* + " 2^-17)17(0 4 ^ 
It follows that = if and only if 

(18) 2C/ 2 (0 - (e - r/)(C/ 2 )'(e) = 2V 2 (n) + (£ - ^(F 2 )'^) 

where U 2 (^) = U(^) 2 and V^ 2 (7y) = ^(r/) 2 . Differentiating twice with respect to £, 
we obtain (f - 7?)(t/ 2 )"'(£) = 0, and similarly (f - r?)(y 2 )"'(r?) = 0. Thus U 2 and 
y 2 are both polynomials of degree at most two. We may now set £ = n in (|18p to 
conclude that C/ 2 and V 2 coincide. Without loss of generality, we assume that U 
and V are both positive everywhere, so that U(£) = R(^) 1 ^ 2 and V(rf) = R(n) 1 / 2 
for a polynomial R of degree at most two. By using the identity 

R(0 - R(v) - i(£ - + R'(v)) = o 

we easily check (fT7|l . □ 

Note that the quadratic i? is, more invariantly, a homogeneous polynomial of 
degree 2 on t (an algebraic section of 0(2)). However the parameterization of 
ambitoric structures by R and the local sections F and G of 0(3) is not effective 
because of the SL(t) symmetry and homothety freedom in the metric. Modulo this 
freedom, there are only three distinct cases for R: no real roots (r 2 < ro^), one 
real root (r 2 = ro^) and two real roots (r 2 > ro^). We shall later refer to these 
cases as elliptic, parabolic and hyperbolic respectively. 
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Remark 3. The emergence of a homogeneous polynomial of degree 2 on t merits a 
more conceptual explanation. It also seems to be connected with a curious sym- 
metry breaking phenomenon between oj+ and w_. In (|13p . oj± are interchanged 
on replacing V by — V. This is compatible with the equality U 2 = V 2 derived in 
the above lemma. However, the choice of square root of R to satisfy the positivity 
condition breaks this symmetry. 

5.3. Local classification in adapted coordinates. The square root in the gen- 
eral form of an ambitoric metric is somewhat awkward: although we are interested 
in real riemannian geometry, the complex analytic continuation of the metric will 
be branched. This suggests pulling back the metric to a branched cover and mak- 
ing a coordinate change to eliminate the square root. This is done by introducing 
rational functions p and a of degree 2 such that 

(19) R{a{z)) = p{zf. 

If we then write £ = <j(x), r\ = cr(y), A(x) = F(a(x))p(x)/a' \x) 2 and B{y) = 
G(a(y))p(y)/a' (y) 2 , the barycentric metric may be rewritten as 

_ dx 2 dy 2 

(20) 90 ~^) + z(y) 

+ / a'(x)(dt 1 +a(y)dt 2 ) \ 2 + fa'(y){dh + a(x)dt 2 ) 



(a(x) - a(y))p(x) J \ (a(x) - a{y))p{y) 

There are many solutions to (|19p . We seek a family that covers all three cases 
for R and yields metrics that are amenable to computation. We do this by solving 
the equation geometrically. Let W be a 2-dimensional real vector space equipped 
(for convenience) with a symplectic form n (a non-zero element of A 2 W*). This 
defines an isomorphism W — > W* sending u G W to the linear form ir : v \— > 
k(u,v); similarly there is a Lie algebra isomorphism from s[(VK) (the trace-free 
endomorphisms of W) to S 2 W* (the quadratic forms on W, under a normalized 
Poisson bracket {,}) sending a 6 s[(W) to the quadratic form u h-» n(a(u),u). 

The quadratic form — det on s[(H / ) induces a quadratic form Q on S 2 W* propor- 
tional to the discriminant, which polarizes to give an sl(VK)-invariant inner product 
(, ) of signature (2, 1). The following identity is readily checked: 

(21) Q({p,p}) = 4((p,p) 2 - Q(p)Q(p)). 

Our construction proceeds by introducing a quadratic form q on W, i.e., an 
element of S 2 W* . The Poisson bracket {q,-}'- S 2 W* — > S 2 W* vanishes on the span 
of q and its image is the 2-dimensional subspace Sq q W* orthogonal to q. We thus 
obtain a map 

ad 9 : S 2 W*/<q> -> S^ q W* . 
We now define a q : W* — > S 2 W* / <q> via the Veronese map 

(22) a q {a) = a®a mod q 

and let R q = ad* q Q. Thus R q (a q (a)) = Q{{q, a (8) a}) = 4(q, a a} 2 by fl2U) (with 
p = q and p = a® a, which is null) and so 

(23) R q (a q (a)) = p q (a) 2 , 

where p q (a) = qipfi) and a" 6 W is determined by {a^ = a. 

A geometrical solution to f)19|) is now given by identifying t with S 2 W* /<q>, 
and R with R q . Note that R q is positive definite if Q{q) < 0, signature (1,1) if 
Q(q) > 0, or semi-positive degenerate if Q(q) = 0. Thus R q can have arbitrary type 
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(elliptic, parabolic or hyperbolic). This geometrical solution represents £ as a q (x) 
and rj as <r q (y), where 

(x,y): M^P(W*) x P(W*) \ A(W*). 

For Q(q) 7^ 0, a q defines a branched double cover of P(t) by P(W*). For Q(q) = 0, 
the projective transformation appears to be singular for q G <a <8> a>, but this 
singularity is removable (by sending such a to <a> © Fy* mod q) and <r g identifies 
P(PF*) with P(t) via the pencil of lines through a point on a conic. 
An area form e G A 2 t* is given by e(X, y) = (ad g A, y). In particular 

e(a q (a), <r q (0)) = ({q, a®a},/3®/3) = «(a«, /3*)q(J, /3»). 

It follows that the barycentric metric 50 m ay be written invariantly as 

dx 2 dy 2 ( (dT,yW) \ 2 / (dr^W) \ 2 

where A, B are local sections of 0(4) over P(W*), dr = {q, dt} and ()^ denotes the 
natural section of 0(1) ®W* = 0(1) <g> W (using «). Note that (g, dr) = 0. 

A more concrete expression may be obtained by introducing a symplectic basis 
ei,e2 of IF (so that ft(ei,e2) = 1) and hence an affine coordinate 2 on P(VF). A 
quadratic form q G S 2 W* may then be written 

q{z) = q z 2 + 2q 1 z + g 2 

with polarization 

q{x,y) = q xy + qi{x + y) + q 2 . 
In these coordinates the Poisson bracket of q(z) with w(z) is 

(24) {q,w}(z) = q'{z)w{z) - w' (z)q(z) with 

(25) {q, w} = 2q p 1 - 2q 1 p , {q, w}i = q p 2 - q 2 po, {q, w} 2 = 2q x p 2 - 2q 2 pi, 

and the quadratic form and inner product on S 2 W* are 

Q(q) = if - Q0Q2 and (q,p) = q x y x - \(q 2 pa + qvPi). 

Elements of t may represented by triples [w] = [wq,wi,w 2 ] modulo q, or by the 
corresponding elements p = (po,pi,p 2 ) of S 2 q W* where p = {q, w}. The corre- 
sponding vector field on M will be denoted or K&\ so that dt(K^) = [w] 
and dr(K^) = p. 

Theorem 2. Let (M, c, J+, J_, t) be an ambitoric 4-manifold with barycentric met- 
ric go and Kdhler metrics (g + ,LU+) and (<7_,w_). Then, about any point in an open 
dense subset of M, there is a neighbourhood in which (c, J + , J_) is either of Calabi 
type with respect to some A G t, or there there are {-invariant functions x, y, a 
quadratic polynomial q{z) = q$z 2 + 2q\z + q 2 , and functions A(z) and B(z) of one 
variable with respect to which: 

dx 2 dy 2 
^ 9Q -A(x) + B(y) 

x 2 dro + 2xdr± + dr 2 \ 2 
2(x-y)q(x,y) J 
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2(x — y) f dx A d\x ^ dy A d c + y 



(27) 



(28) 



(x,y) V A(x) B (v) 
dx A (y 2 dT + 2ydri + dr 2 ) + dy A (x 2 dT + 2x<iTi + c?T2) 

g(x,y) 2 

2g(x, y) / dx A <flx A (£Ly 



da; A (y 2 dr + 2ydT\ + dr 2 ) - dy A (x 2 dr + 2xdri + dr 2 ) 



(x-y) 2 

where 2q\dT\ = q$dr 2 + q 2 dr and q(x, y) = q xy + qi(x + y) + g 2 - 

Conversely, for any data as above, the above metric and Kdhler forms does de- 
fine an ambitoric Kdhler structure on any simply connected open set where uj± are 
nondegenerate and go is positive definite. 

Proof. The fact that regular ambitoric conformal structures have this form follows 
easily from Lemmas [8] and HI One can either substitute into the invariant form of 
the metric, or carry out the coordinate transformation explicitly using (|20p . We 
deduce from (fbi|) that 

A(x) 

d c + x = d c _x = r(y 2 dr + 2ydn + dr 2 ), 

B( ) 

d\y = -ally = _ ™' r(x 2 dr + 2xdn + dr 2 ). 

l[x y)q{x,y) 

The computation of the conformal factor 

(30) f{x,y) = 

x-y 

with uj- = f 2 u)+ requires a little more work, but it is straightforward to check that 
oj± are closed, and hence also deduce conversely that any metric of this form is 
ambitoric. □ 

The computation of the momenta, n^, of the t-action relatively to u± is quite 
simple in the case of w_, because it has an explicit local primitive: 

xy dr + (x + y)dri + dr 2 

= -dx, X = • 

x-y 

Hence a Killing potential for is 

,o-n ( P ) _ ppxy + pi(x + y) +p 2 

[61) fX_ — , 

x-y 

where 2p\q\ = p$q 2 + p 2 qo, but we may add an arbitrary constant of integration. 

No such explicit potential exists for oj + since its closedness depends on the im- 
plicit relation (q,dr) = 0. However, since dr = {q,dt}, it follows that 

{q, w} (y) dx + {q, w} (x) dy 

— L K [w]U+ — — ; r 

2q(x,y) 

which is equal to dfi^ where 

w xy + wi(x + y) + w 2 



(32) ^ 



q{x,y) 



In this case the constant of integration in this Killing potential for ifM is expressed 
by the freedom to add a multiple of (qo, qi, q 2 ) to (wq,w\,w 2 ). 
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6. Extremal and conformally Einstein ambitoric surfaces 

We now compute the Ricci forms and scalar curvatures of a regular ambitoric 
Kahler surface, and hence give a local classification of extremal ambitoric structures. 
By considering the Bach tensor, we also identify the regular ambitoric structures 
which are conformally Einstein. 

6.1. Ricci forms and scalar curvatures. As in [6], we adopt a standard method 
for computing the Ricci form of a Kahler metric as the curvature of the connection 
on the canonical bundle: the log ratio of the symplectic volume to any holomorphic 
volume is a Ricci potential. For regular ambitoric metrics, drj + \/— ld±Tj (j = 
0,1,2) are J± -holomorphic 1-forms. Using ([29]) and (q,dr) = 0, we find 

d ± T o = 77 \ dx =F — dy, 
A(x) B{y) 

q x 2 -q 2 q y 2 - q 2 

qix 2 +q 2 x ,q\y 2 + q2V, 

d ±T2 = 77-^ — dx ± — — — — dy. 

A{x) B(y) 

Choosing two linearly independent holomorphic 1-forms among these, we find that 

V ° = {X A^fB{yf dX A d + X AdyA d + y - 

can be taken as a holomorphic volume for both J + and J_ (up to sign). The 
symplectic volumes v± of ui± are 



(x - y) 2 
q(x,y) 2 A{x)B(yY 

q(x,y) 2 



v + = — \9 „ , \ dx A d c + x A dy A d c + y, 



dx A d_x A dy A d_y. 



(x - y) 2 A(x)B(y) 
Hence the Ricci forms p± = — ^dd± log |u±/^o| of oj± are given by 

1 _ A(x)B(y) , , „ , A(x)B(y) 

The 2-forms dd c x and dd c y are obtained by differentiating the two sides of 
After some work, we obtain 

dd%x = ( A'(x) - q{x) - q ° (x -f A(x)^ dX A d ± X 



(x-y)q(x,y) J A(x) 

q{y)A{x) dy A d c ±y 



dd±y 



(x-y)q(x,y) B(y) 
q(x)B(y) dx A d±x 



(x-y)q(x,y) A{x) 

l(y) ~qo(x- y) 2 0/ ^ d y A d c ± y 

B{y) 



+ ( Bl{y) + ^)-^x-y? m 
V {x-y)q{x,y) 



Hence for any t- invariant function <p = ^{x^y), 

dd±(f) = (p xx dx A d±x + 4> yy dy A d±y + <p xy {dx A d±y + dy A d±x) 
+ 4> x dd±x + <f) y dd±y 
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= {A(X)4> X ) — ; r—A{x)<p x 

x (x-y)q(x,y) 



A(x) 



q(y)A(x)(j) x dyAd c ±y q(x)B(y)(f) y dx A d±x 
(x-y)q(x,y) B(y) (x - y)q{x,y) A(x) 

ui \a \ i q ^ ~ go ( x ~ y) 2 p / s± \ d V A d ±V 

Bmy) y + (x-y)q(x,y) B{V) ^) 
+ 4> xy {dx A d±y + dy A d±x). 

In particular, the expression is both J + and J_ invariant if and only if 0^ = 0. 
The invariant part simplifies considerably when expressed in terms of the Kahler 
forms of the barycentric metric. Using the fact that q$x + q\ and q$y + q\ are 
the y and x derivatives of q(x, y) respectively, we eventually obtain 



dd c 



q(x,y) 2 I 
2 \ 

(x - y) 2 



A(x) 



q(x,y) 2 
A(x) 



q{x,yf 



=F 



(x - yf 



0J_ 



^{x-y) 2 _ 
+ 4>xy{dx A d±y + dy A d±x). 

Substituting the Ricci potentials for 0, we thus obtain, after a little manipulation, 



P+ 



q(x,y) 2 l 

4 \ 

(x - y) 2 



A(x) 



l(x,y) 4 



+ 



(x,y) 



B(y) 



q{x,y) 4 r A(x) 



_(x ~ y) 2 Lq{x,y) 4 



q(x,y) 4 
q(x,y) 4 r B(y) 



_(x ~ y) 2 Lq{x,y) A 



J V/ 



+ 2 



(<?0<?2 - qf){dx A d%y + dy A d° + x) 



q(x,y) 2 I 

4 \ 

(x - y) 2 



j(x,y) 2 

„A4 



(*-y) 2 



r A(s) i 






"(x - y) 4 


\ B(y) ~ 




K 

s// 


V{x-y)A 


,r 


a; 


g(x,y) 2 


kx-y) 4 - 


f. 


r A(x) 




+ 


-y) 2 


~ B{y) 1 






L(x-y) 4 




.(x-y) 4 J 





+ 2 



A <iiy + dy A ctx 
(x - y) 2 



(In particular y + can only be Kahler-Einstein in the parabolic case — when q has a 
repeated root — while y_ is never Kahler-Einstein.) The scalar curvatures are given 
by s± = 2p± A uj±/v±. Expanding the derivatives, we then obtain 



(33) 



(34) 



(x - y)q(x,y) 



1 

(x - y)q(x,y) 



(- q ( x , y y(A"{x) + B"(y)) 

+ 6q(x, y)((q y + qi)A'(x) + (q x + qi)B'{y)) 
- \2{{q Q y + qi ) 2 A{x) + (g x + qi) 2 B{y))) , 

;-(x-y) 2 (A"(x) + J B"(y)) 

+ 6(x - y)(A'(x) - B'(y)) - l2(A(x) + B(y)). 
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6.2. Extremality and Bach-flatness. The Kahler metrics g± are extremal if 
their scalar curvatures s± are Killing potentials. Since the latter are t-invariant 
(and t is lagrangian), this can only happen if s± is the momentum of some Killing 
vector field £ t. The condition is straightforward to solve for g + : equating (|33[) 
(for s+) and ([32]) (for yields 

(35) - q(x, y) 2 (A"(x) + B"(y)) + 3q(x, y)(q> (y)A' (x) + q'{x)B'{y)) 

- 3(g'(y) 2 A(x) + q'(x) 2 B(y)) = (x - y)(w xy + wi{x + y) + w 2 ). 

Differentiating three times with respect to x or three times with respect to y shows 
that A and B (respectively) are polynomials of degree at most four. We now 
introduce polynomials II and P determined by A = II + P and B = II — P. Since 
the left hand side of ([33]) is antisymmetric in (x,y), the symmetric part of the 
equation is 

- q(x, y) 2 (U"(x) + U"(y)) + 3q(x, y)(q'(y)W(x) + q'(x)W(y)) 

-3{q'(y) 2 U(x)+q'(x) 2 U(y)) =0. 

On restriction to the diagonal {x = y) in this polynomial equation, we obtain 

q 2 U" - 3qq'W + 3(q') 2 U = 0. 

To solve this linear ODE for IT, we set H(z) = q(z)n(z) to get q 2 (q"iT — q'lt' + qir") = 
0, from which we deduce that tt is a polynomial of degree < 2 (ir" r = 0) and that ir 
is orthogonal to q. 

The antisymmetric part of (|35p is 

- q(x, y) 2 (P"(x) - P"(y)) + 3q(x, y)(q' \y)P' (x) - q'(x)P'{y)) 

- 3(g'(y) 2 P(x) - q'{x) 2 P{y)) ={x- y)(w xy + w 1 (x + y) + w 2 ). 

The left hand side is clearly divisible by x — y; it is less clear that the quotient by 
(x — y)q(x,y) is a Killing potential, but this can be checked by explicit computation 
or by considering normal forms for q (see below). To compute this Killing potential, 
we divide the left hand side by x — y and restrict to the diagonal to obtain 

- q 2 P"' + 3qq'P" - 3{(q') 2 + qq")P' + 6q'q"P 

= q (qP" - 3q'P' + ®q"P) - q (qP" - H'p' + Qq"P)'. 

Since P has degree < 4, and q has degree < 2, it follows (for instance by differen- 
tiating three times) that 

(36) q ■ P := qP" - 3q' P' + 6q" P 

has degree < 2 (this expression is an example of a transvectant for SL(2)). As 
q is nonzero, any quadratic form may be represented as q ■ P for some quartic 
P. However, the Wronskian {q, q ■ P} := q' (q ■ P) — q{q ■ P)' (which is also, in 
homogeneous coordinates, the Poisson bracket on quadratic forms) is automatically 
orthogonal to q. Any such quadratic form arises from a quartic P in this way. Thus 

s = w(x,y) 

+ q{x,y)' 

where w(x, y) = WQxy+w\(x+y)+W2 is the polarization of a quadratic form w(z) = 
w(z, z) depending linearly on P and quadratically on q, and which is orthogonal to 
q. Hence, except in the parabolic case (q degenerate), s + is constant if and only if 
it is identically zero. 



AMBIKAHLER GEOMETRY AND AMBITORIC SURFACES 21 

Remarkably, the extremality condition for g_ coincides with that for g + . To 
see this, we equate (|34|) (for s_) and (|3ip (for fi_ , with an arbitrary constant of 
integration) to obtain the extremality equation 

(37) - (x - yf(A"{x) + B"(y)) + 6(s - y)(A'(x) - B'{y)) - \2(A(x) + B(y)) 

= y)(paxy + Pi(x + y)+p 2 + c(x - y)), 

which we shall again decompose into symmetric and antisymmetric parts: for this 
we first observe, by taking three derivatives, that A and B are polynomials of degree 
< 4, we write A = U + P, B = 11- P as before. 
The symmetric part, namely 

- (x - yf{li"{x) + U"(y)) + 6(x - y)(U'(x) - W(y)) - 12(U(x) + U(y)) 

= q(x,y) (p xy + p 1 (x + y) + p 2 ) , 

immediately yields, on restricting to the diagonal, H(z) = q(z)n(z) with ir(z) = 
—p{z)/2A. Further, the equation is satisfied with this Ansatz. 
The antisymmetric part, namely 

- (x - yf{P"(x) - P"{y)) + 6(x - y)(P'(x) + P'{y)) - 12(P(x) - P(y)) 

= cq{x,y)(x - y) 

yields c = (divide by x — y and restrict to the diagonal) and is then satisfied 
identically for any polynomial P of degree < 4. Thus we again have an extremal 
Kahler metric with 

24tt(x,2/) 

s- = , 

x-y 

where 7r(x,y) = K^xy + tti(x + y) + tt2 is the polarization of ir(z) = n(z,z). Note 
that S- is constant if and only if it is identically zero. 

The Bach-flat condition is readily found using Lemma [2J since —V-/v+ = 
q(x,y) 4 /(x — y) , equation © holds if and only if ir(x,y) and w(x,y) are linearly 
dependent. 

Theorem 3. Let ( J + , J„, g + , t) be a generic ambitoric structure as in Theo- 
rem [2J Then (g + , J+ ) is an extremal Kahler metric if and only if (g_ , J_ ) is an 
extremal Kahler metric if and only if 

A(z)=q(z)7r(z)+P(z), 

{ } B{z) = q{zMz) - P(z\ 

where ir(z) is a polynomial of degree at most two orthogonal to q(z) and P(z) is 
polynomial of degree at most four. The conformal structure is Bach-flat if and only 
if the quadratic polynomials tt and {q,q-P} (described above) are linearly dependent. 

In view of Theorem [U we thus obtain a local description of Einstein 4-manifolds 
with degenerate half-Weyl tensors. 

Corollary 1. Let (M,g) be a Einstein 4-manifold for which the half-Weyl tensors 
W + and W~ are everywhere degenerate. Then on dense open subset of M , the 
metric g is locally homothetic to one of the following: 

• a real space form; 

• a product of two Riemann surfaces with equal constant Gauss curvatures; 

• an Einstein metric of the form s^ 2 g + , where g+ is a Bach-flat Kahler metric 
with nonvanishing scalar curvature s+ ; described in Proposition® or Theorem® 
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6.3. Normal forms and summary. 

Definition 10. A regular ambitoric conformal structure is said to be of elliptic, 
parabolic, or hyperbolic type if the number of distinct real roots of q(z) (on P(W)) 
is zero, one or two respectively. 

In these three cases we use the projective freedom to set q(z) = z, q(z) = 1 and 
q(z) = 1 + z 2 respectively. For later reference, we now consider each of the three 
types in turn. 

Parabolic type. We first consider the case that q(z) = 1 when the barycentric metric 
go and Kahler forms u± are as follows: 

dx 2 dy 2 A(x)(dti + y dt 2 ) 2 B(y)(dt 1 + x dt 2 ) 2 



90 A(x) + B(y) + (x- y) 2 + (x - y) 2 
u + = dx A (dti + y dt 2 ) + dy A (dti + x dt 2 ), 
dx A (dti + y dt 2 ) dy A {dt\ + x dt 2 ) 
(x-y) 2 (x-y) 2 

The Killing potentials (or momenta) of the Killing vector fields K\ and K 2 dual to 
dt± and dt 2 are given by 

(39) (it = x + y, i4 = xy, 

1 x ~\~ y 

The metric g + is extremal if and only if g_ is extremal if and only if A(z) = 
oqz 4 + a\z 3 + a 2 z 2 + a%z + 04, B(z) = boz A + b\z 3 + b 2 z 2 + b^z + 64 and 

(41) a + b = a 1 + b 1 =a 2 + b 2 = 0. 
In this case 

s+ = — 6ai — 12ao Hi 

s- = 12(a4 + h) IH + 12(a 3 + 63) 

The Bach-flat condition is that a± + Aa$z and —(04 + 64) + (03 + b^)z are linearly 
dependent, i.e., 

(42) ai(a 3 + 6 3 ) + 4a (a 4 + 64) = 0. 

Hyperbolic type. We next consider the case that q{z) = z when the barycentric 
metric go and Kahler forms oj± are as follows: 

dx 2 dy 2 A{x){dt l +y 2 dt 2 ) 2 B(y)(dt 1 + x 2 dt 2 ) 2 



90 A(x) + A{y) + (x 2 - y 2 ) 2 + (x 2 - y 2 ) 2 

dx A (dti + y 2 dt 2 ) dy A (dti + x 2 dt 2 ) 
u + ~ 7Z , 32 h 



(x + y) 2 (x + y) 2 

dx A (dti + y 2 dt 2 ) dy f\ (dt\ + x 2 dt 2 ) 



(x - y) 2 (x - y) 2 

The momenta of Ki and K 2 are given by 

(43) — • 



x + y x + y 

1 xy 

44 Ml = , iq = 

x — y x — y 
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Again, g + is extremal if and only if y_ is extremal if and only if A(z) = aoz 4 + 
aiz 3 + CL2Z 2 + CL3Z + a 4 , B{z) = boz A + b\z 3 + b2Z 2 + b^z + 64 and 

(45) a + 60 = 02 + h = a 4 + 64 = 0. 
In this case the scalar curvatures are 

(46) s ± = -6(a 3 ±6 3 )Mf-6(ai±6i)^. 

The condition corresponding to the vanishing of the Bach tensor is therefore 

(47) (o 3 - &s)(ai + h) + (a 3 + 6 3 )(ai - &i) = 0. 



Elliptic type. We finally consider the case that q(z) 
metric go and Kahler forms oj± are as follows: 

dx 2 dy 2 | A(g)(dti + (y 2 - l)dt 2 ) 2 



9o 



+ 



1 + z 2 where the barycentric 
B(y)(dh + (x 2 - l)dt 2 ) 2 



A(x) B(y) (x - y) 2 (l + xy) 2 (x - y) 2 (l + xy) 2 

dx A {2ydt 1 + (y 2 - l)dt 2 ) dy A {2xdt 1 + (x 2 - l)dt 2 ) 



(1 + xy) 2 
dxA (2ydh + (y 2 - l)dt 2 



+ 



(1 + xy) 2 
dy A (2xdt 1 + (x 2 - l)dt 2 ) 



(x - y) 2 

with momenta of K\ and K 2 equal to 

1 - xy 



(48) 
(49) 



i4 = 



Mi 



1 + xy ' 
z + y 



(x - y) 2 

/4 = " 
H 2 



x + y 
1 + xy ' 
1 - xy 
x - y ' 



x - y 

The extremal case is now A(z) = a u z 4 + a±z 3 + a2-z 2 + a 3 z + 04, -B(z) = 
hz 3 + b 2 z 2 + 6 3 z + 64 with 

(50) a 2 + 62 = 0, a + 60 + «4 + &4 = 0, a\ + 61 = a 3 + 6 3 
in which case the scalar curvatures are 

(51) s + = 6(a 3 - bi)fif - 12(a 4 + 6 )m 2 • 

(52) s_ = 12(a 3 + 6 3 )^r + 12 ( a 4 + &4V2 • 
The Bach-flatness condition is therefore: 

(53) (a 3 - 61) (03 + 63) + 4(a 4 + & 4 )(o4 + 60) = 
Summary table. The following table summarizes the above computations. 



b z A + 



Condition 


Parabolic type 


Hyperbolic type 


Elliptic type 


g± extremal 


a + b = 
ai + 61 = 
a 2 + b 2 = 


a o + b o = 
a 2 + b 2 = 
a 4 + & 4 = 


ao + fro + a 4 + 6 4 = 
«2 + h = 
ai + bi = a 3 + 63 


g± Bach-flat 


extremal and 
ai(a 3 + 63) = 
-4a (a 4 + 64) 


extremal and 
(03 - &3)(oi + h) = 
-(03 + &3)(oi - h) 


extremal and 
(03 - h)(a 3 + b 3 ) = 
-4(a 4 + & 4 )(a 4 + b ) 


3+ = 

(W+ = 0) 


extremal and 
ao = 
ai = 


extremal and 
ai = h 
a 3 = b 3 


extremal and 
a 3 = bi 
a 4 = -6 


s_ = 
(W- = 0) 


extremal and 

«3 = -&3 
a 4 = —64 


extremal and 
01 = -61 

«3 = ~&3 


extremal and 
a 3 = -b 3 
a 4 = — & 4 
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g_ is never Kahler-Einstein, and has constant scalar curvature iff s_ = 0. The 
same holds for g + except in the parabolic case, when g + has constant scalar curva- 
ture iff it is extremal with ao = 0, and is Kahler-Einstein if also 03 + 63 = 0. 

7. AMBITORIC POLYTOPES AND AMBITORIC COMPACTIFIOATIONS 

7.1. Toric manifolds and orbifolds. We begin by reviewing the theory of toric 
Kahler manifolds and orbifolds, primarily adopting the symplectic point of view as 
in [21 [2TJ [301 ED EE]- Our treatment follows closely the exposition in [51 §1]: in 
particular we use first order boundary conditions for the compactification of com- 
patible Kahler metrics on toric symplectic orbifolds. Also, we use basis independent 
language for the lattice in t defining the torus T, since the bases arising in examples 
are not necessarily compatible with this lattice. 

Let t be an m-dimensional real vector space. Recall that a rational Delzant 
polytope (A, A, u\, . . . u n ) in t* is a compact convex polytope Act* equipped with 
normals belonging to a lattice A in t 

(54) Uj G A C t 
(J = 1, . . . n, n > m) such that 

(55) A = { M e t* : L.Ou) > 0, j = l,...n} 
with = (uj, n) + Xj 

for some Ai, . . . A n Gl, and such that for any vertex \i 6 A, the Uj with Lj(fi) = 
form a basis for t. If the normals form a basis for A at each vertex, then A is said 
to be integral, or simply a Delzant polytope. 

The term rational refers to the fact that the normals span an m-dimensional 
vector space over Q. A rational Delzant polytope is obviously m-valent, i.e., m 
codimension one faces and m edges meet at each vertex: by (|55j) the codimension 
one faces F\, . . . F n are given by Fj = A n {fi G t* : Lj(fi) = 0}, so that Uj is an 
inward normal vector to Fj. In the integral case, the Uj are necessarily primitive, 
and so are uniquely determined by (A, A). In general, the primitive inward normals 
are Uj/rrij for some positive integer labelling rrij of the codimension one faces Fj, 
so rational Delzant polytopes are also called labelled polytopes [38]. However, it 
turns out to be more convenient to encode the labelling in the normals. Note that 
Ai, . . . A n are uniquely determined by (A, u\, . . . u n ). 

A connected 2m-dimensional symplectic orbifold (M, uj) is toric if it is equipped 
with an effective hamiltonian action of an m-torus T with momentum map /j : M — > 
t*. The rational Delzant theorem |21[ I3"8"] states that compact toric symplectic 
orbifolds are classified (up to equivariant symplectomorphism) by rational Delzant 
polytopes (with manifolds corresponding to integral Delzant polytopes): given such 
a polytope, (M,uj) is obtained as a symplectic quotient of C n by an (n — Tri- 
dimensional subgroup G of the standard n-torus (S 1 )™ = W n /2irZ n : precisely, G 
is the kernel of the map (S 1 ) n — > T = t/27rA induced by the map (x±, . . . x n ) \-t 
X]j=i x j u j from M. n to t, and the momentum level for the symplectic quotient is the 
image in t* of (Ai, . . . A n ) £ M. n * under the transpose of the natural inclusion of the 
Lie algebra t in M n . Conversely, a toric symplectic orbifold gives rise to a rational 
Delzant polytope as the image A of its momentum map fj,, where A is the lattice 
of circle subgroups, and the positive integer labelling rrij of the codimension one 
faces Fj is determined by the fact that the local uniformizing group of every point 
in /i _1 (i ? j ) ) is Z/m_jZ. (For any face F, we denote by F° its interior.) 
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A compact convex polytope with chosen inward normals (giving a basis for t 
at each vertex) is a rational Delzant polytope with respect to any lattice satis- 
fying (|54p . There is clearly there is a smallest such lattice A, generated by the 
normals, and any other such lattice A' is a sublattice (of finite index) in this. The 
torus T' = t/27rA' is the quotient of T = i/2nA by a finite abelian group T = A'/ A, 
and th corresponding toric symplectic orbifolds M and M' (under the tori T and 
T') are related by a regular orbifold covering [33]: M' = M/T. In fact M is a simply 
connected orbifold in the sense of Thurston [44] and is the universal orbifold cover 
of M' . We can thus focus, with no essential loss of generality on simply connected 
toric orbifolds, whose polytopes may be described as follows. 

Definition 11. A simply connected rational Delzant polytope is a compact convex 
polytope Act* equipped with inward normals ui,...u n 6 t such that A := 
spangjui, . . . u n } is a lattice of t, and for any vertex the normals corresponding to 
the adjacent facets form a Q-basis for t. 

We turn now to the study of compatible Kahler metrics on toric symplectic 
orbifolds. On the union M° := / u _1 (A°) of the generic orbits, such metrics have an 
explicit description due to Guillemin \30\ l3Tj . Orthogonal to the orbits is a rank 
m distribution spanned by commuting holomorphic vector fields JX^ for £ 6 t. 
Hence there is a function t: M — > t/27rA, defined up to an additive constant, such 
that dt(JX^) = and dt(X^) = £ for £ £ t. The components of t are 'angular 
variables', complementary to the components of the momentum map fi: 
and the symplectic form in these coordinates is simply oj = {dfi A dt), where the 
angle brackets denote contraction of t and t*. 

These coordinates identify each tangent space with t © t* , so any T-invariant 
w-compatible Kahler metric must be of the form 

(56) g = {dfi,G,dfj) + (dt,H,dt), 

where G is a positive definite S 2 t- valued function on A , H is its inverse in S 2 t* — 
observe that G and H define mutually inverse linear maps t* — > t and t — > t* at 
each point — and (•, •, •) denotes the pointwise contraction t* x S 2 t x t* — > R or the 
dual contraction. The corresponding almost complex structure is defined by 

(57) Jdt = -{G,dfj) 

from which it follows that J is integrable if and only if G is the Hessian of a function 
(called symplectic potential) on A [30] . 

Necessary and sufficient conditions for G to come from a globally defined T- 
invariant ^-compatible Kahler metric on M are obtained in [21 O El]. In order to 
state the criterion from [8], we introduce some notation. For any face F C A, we 
denote by tp C I the vector subspace spanned by the inward normals Uj G t to all 
codimension one faces of A, containing F; thus the codimension of equals the 
dimension of F. Furthermore, the annihilator t*p of in t* is naturally identified 
with (t/tj?)*. 

Proposition 9. [8] Let (M,u) be a compact toric symplectic 2m-manifold or orb- 
ifold with momentum map fi: M — > A C t*, and H be a positive definite S 2 t* -valued 
function on A . Then H defines a T-invariant, co-compatible almost Kahler metric 
g via (|56p if and only if it satisfies the following conditions: 

• [smoothness] H is the restriction to A of a smooth S 2 t* -valued function on A; 

• [boundary values] for any point \i on the codimension one face Fj C A with 
inward normal Uj, we have 

(58) H^(ujv) = and (dH.) ^(uj , Uj) = 2uj, 
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where the differential dH is viewed as a smooth S 2 i* <%> t-valued function on A; 
• [positivity] for any point in interior of a face F C A, H /1 (-, •) is positive definite 
when viewed as a smooth function with values in 5 2 (t/ti?)*. 

7.2. Orbifold compactifications of ambitoric Kahler surfaces. In order to 
compactify the Kahler metrics g± introduced in section [6l we use the respective 
momentum coordinates /i = (fxf,/j^) to rewrite the Kahler metrics in the setting 
of section HmFI The hamiltonian Killing fields K i, K 2 corresponding to the these 
momentum coordinates will not in general be S 1 generators for the T action. 

Definition 12. An ambitoric compactification is a simply connected, compact am- 
bikahler 4-orbifold (M, J±,g±, uj±) endowed with an effective hamiltonian action of 
a 2-torus T by isometries. Since the union M° of generic orbits of the T action is 
open and dense, M is ambitoric in the sense of Definition [3j 

As a preliminary remark, we observe that ambitoric compactifications are always 
singular, unless M is a complex Hirzebruch surface, in which case (<?+, J+,u+) can 
be taken to be of Calabi type. 

Proposition 10. Suppose that (M , c, J_|_ , J J) is a nonsingular ambitoric compact- 
ification. Then, (M,J + ) (and (M, J_)) is biholomorphic to a Hirzebruch surface 
F k = P(0 © OQe)) -> CP 1 , k 6 N. 

Conversely, each P& admits compatible ambikdhler structures (c, J+, J_) which 
are toric with respect to a maximal torus T in the automorphism group, and are 
ambitoric of Calabi type on the dense open subset of points where T acts freely. Any 
ambikdhler structure (c, J_|_ , J_ ) on F^ for which the conformal Kahler metrics g± 
are extremal is of this type. 

Proof. A compact Kahler surface admitting a holomorphic and hamiltonian torus 
action is rational, and therefore has nonpositive signature, unless it is CP 2 . How- 
ever, CP 2 doesn't admit an almost complex structure inducing the nonstandard 
orientation, so that both (M, J + ) and (M, J_) are rational surfaces with nonnega- 
tive signature. Since J+ and J_ yield opposite orientations on the M, the signa- 
ture of M must be zero. The rational complex surfaces with zero signature are the 
Hirzebruch surfaces [TO]. Not only that they are all toric, but they do admit toric 
extremal metrics of Calabi type in each Kahler class [13] . These are ambitoric on 
the regular points of the torus action. If (c, J+, J_) is ambitoric with g± extremal, 
by the uniqueness of the extremal Kahler metrics in their Kahler classes, we can as- 
sume that (<7_|_, J + ) is given by the Calabi construction. As such a metric is already 
ambikahler with respect to a negative complex structure J_ and is not self-dual, 
J_ must be ±J_ ([221H]). Thus, the ambikahler structure (c, J+, J J) is ambitoric 
of Calabi type on a dense open subset of F^. □ 

In view of the above result and our local classification in Theorem [21 we will 
discuss from now on (singular) toric orbifold compactifications of the three types 
of regular ambitoric Kahler metrics. 

Assumption 1. We will assume that the (x, y)-coordinates are well-defined on the 
dense open subset M° of points where the T 2 -action is free (i.e., on the pre-image 
of the interior of the rational Delzant polytope A + associated to (*)+)■ 

We know from Proposition [U] that the determinant of the matrix H = (Hij) 
(where = g + (Ki,Kj)) must be smooth on M and vanish on (the pre-image 

4 As we are interested in 'globally' ambikahler structures, it is enough to consider one of the 
metrics, (g+,u>+) say. 
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of) the boundary of the Delzant polytope. A case-by-case verification shows that 
detH is a nonzero multiple of A(x)B(y) (taking also in mind that we want both 
g± to extend on M). It follows that (x,y) must be defined on a domain D° := 
(01,02) x (fli, fa) with fa < cki, where a, (resp. fa) are zeroes of A(z) (resp. B(z)) 
such that A(z) (resp. B(z)) is strictly positive on (01,02) (resp. (fa, fa). The main 
point here is that formulae (fgg jHpEOj) . (fl3" ]) - (|4l| and (flg ]) -l]4l? j) in turn show that 
the closure D of D° transforms into a compact convex polytope, denoted in the 
sequel by A + . Note that A + has four facets, unless fa = a\ when it is a simplex. 

Remark 4. (Weighted projective spaces.) The case when A + is a simplex has 
been studied in detail in \12\ [2l [8]. Simply connected rational Delzant simplices 
parameterize weighted projective spaces. Any such orbifold has a unique Kahler 
class up to homothety, and a unique extremal Kahler metric which is Bochner-flat. 
In four-dimensions, this is the case corresponding to toric compactifications of an 
extremal Kahler metric g+ with W- = (or equivalently s_ =0). We thus obtain 
different ambitoric realizations of the (same) selfdual metric, due to the fact that 
there are many choices for the negative complex structure J_, a situation that can 
only occur (even locally) when W- = (see e.g., [1]). However, none of the complex 
structures J_ is defined on the whole of M, so that a weighted projective space is 
locally, but not globally ambitoric 0. 

This remark motivates a further assumption. 

Assumption 2. We suppose from now on that fa < a%, so that the polytope A + has 
4 facets and the momentum transformation is nondegenerate in a neighbourhood 
of D°. By Assumption [H in this case the smooth functions (x,y) are defined 
everywhere on M. 

We now proceed by a case-by-case analysis of the three types of regular ambitoric 
Kahler metrics, by using the normal forms obtained in section 16.31 

7.2.1. Parabolic type. Under Assumption [TJ this is the case when (J + , g + ,uj + ) is 
orthotoric in the sense of [6]. A description of compact orthotoric Kahler orb- 
ifolds (of any dimension) is given in [8] and their complete classification in the 
4-dimensional case appears in |37] , For completeness, we recall the construction 
from [8], specialized to the 4-dimensional case. 

From formulae (|39p -(|40 p . we see that in this case the polytope A + is 

A+ ={04, /4) : Lf(j*t,l4) > 0;4W,/4) > 0,j = 1,2}, 

(59) L^(nf^+) = (-^(-a^f + vt + o*), 

The inward normals are then of the form 

(60) uf = 0^(^,-1), = ^(fa,-l), j = 1,2, 

for some real numbers c",c^ satisfying cf > > cf, < < c^. The condition 
that (A + ,ii",-u^) is a simply connected rational Delzant polytope reduces to 

(61) span z {n", v% , u{ , vP 2 } = Z 2 , 

which imposes an integrality condition on the real numbers (atj, (3j, d^, c^). 



The formula (|30|l for the conformal factor / shows that if x = y at some points of M, then the 
toric metrics g+ and gr_ cannot be simultaneously compactified 
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Remark 5. A particular case where (|6ip holds automatically is when all the numbers 
ctj,/3j and cj ,Cj are rational: since the condition (|6ip is clearly invariant under an 
overall multiplication of c" and Cj by a nonzero real constant, we can choose this 
constant such that it" and have integer coordinates. 

By formula ([30]) (specialized to q(z) = 1) we have g- = ^ x ^ y ^ g + . As a\ > 02, it 

follows that <7_ compactifies if and only if g + does. 

We now impose the boundary conditions of Proposition 
We work on D, rather than on A + , using the fact that the transformation 

(|40|) is nondegenerate and sends a facet of A + to a facet of D. We find that 

1 / A(x)+B(y) yA{x) + xB(y) 

(62) H = — — — j 

x y \yA{x) + xB{y) y 2 A(x) + x 2 B(y) / 

which, together with the formulae (|39p - ()40p . shows that H is smooth as soon as 
A(z) and B(z) are smooth functions on [«i,a2] and Ifii,^], respectively. Also, the 
positivity condition is equivalent to A > on (01,02) and B > on (/3i,/?2)- 

The first boundary value condition, H(uj,-) = on <9A + , reduces to A(a±) = 
A{a,2) = B((3i) = B{02) = 0. The second boundary value condition, dH(uj,Uj) = 
2uj on dA + , has an invariant sense on D by considering the normals uf and as 
1-forms on A + and on D, as follows: 

uj =dj (ctjdfif — d^) = c< j{( a j ~ y)dx + (aj — x)dy), 

u j =c j(^j d ^t ~ d vt) = c j{(Pj - v) dx + (Pj - x ) d y)- 

Thus, evaluating diH on the facets of D corresponding to x = ctj (resp. y = f3j), 
we obtain that our boundary condition reduces to A'(ctj) = 2/c" (resp. B'(f3j) = 

-2/4). 

\ 2 

7.2.2. Hyperbolic type. By (130]) (specialized to q(z) = z) we have g_ = (§^7) g+ 

so that in order g_ be globally defined we need to impose (additionally to Assump- 
tion [2]) x 2 — y 2 > on D, i.e. 

(63) ai+Pi> 0. 

Similar discussion, based on relation (|43p - (|44p . implies in this case that the polytope 
A + is of the form 

A+ ={(nt,t4) ■ £J(/4,/4) > 0;Lf(^+ M +) > 0,j = 1,2}, 

(64) L?04,i4) = (-lyi-a^f + nt-aj), 

The inward normals are then 

(65) uf = ($[atj,-i), v$ = c$(pl-l), j = l,2, 

for some real numbers c",c^, satisfying cf > > cf, < < c^. The condition 

that (A + ,ii",u^) is a simply connected rational Delzant polytope is again (|6ip . 
We find, moreover, 

A(x)+B(y) y 2 A{x) + x 2 B(yf 

(66) H 



(x-y)(x + y) 3 \ y 2 A ( x ) + x 2 B ( y ) y *A{x) + x 4 B{y) / 
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The first order boundary conditions of Proposition [9] again reduce to 

• A{z) and B(z) are smooth functions; 

• for j G {1,2}, A(aj) = B((3j) = 0, A'( aj ) = 2/cf and B'(/3j) = -2/cf; 

• A > on (ai,«2) and B > on , ^2) • 

7.2.3. Elliptic type. The metrics g± are defined globally if and only if x, y satisfy 
x > y and (1 + xy) > (see ([30]) ). Thus, we require in this case that 

(67) a.jPi > -1, ViJ. 
By OSD— (USD, the polytope A+ is of the form 

A+ ={(j4,i4) : Lf(jj+,i4) > 0;Lf(/i+ n+) > 0,j = 1,2}, 

(68) L?(v+,fj,+) = (-lyf^-pltf + oijti + l), 

1^04,14) = (-i) J+1 (^-^W +Pn4 + 1 

The inward normals are then 

(69) u« = cj(M_^,_ ai ), < = cf(^^, -/?,), , = 1,2, 

for some real numbers c",cf, satisfying cf > > Cg, c^ < < c^. The condition 
that (A + ,ti",-uf) is a simply connected rational Delzant polytope is again (|61|) . 
Furthermore, in this case H is -, rn- — nt times the matrix 

Ay 2 A(x) + 4x 2 B(y) 2y(y 2 - l)A(x) + 2x(x 2 - l)B(y) s 

K 2y{y 2 - l)A(x) + 2x(x 2 - l)B{y) {y 2 - l) 2 A{x) + {x 2 - l) 2 B{y) 
One directly checks that 

H (a . jV) (t£,-)s=0, H^^^O^O 

dn {aj)V) (uf,v,f) = cfA'( aj )uf, da M) (u?,u?) = cln'u,),,;. 

We summarize the preceding analysis as follows. 

Proposition 11. Any compact, simply connected ambikdhler toric 4-orbifold for 
which ( g + , uj + , J + ) is of parabolic, hyperbolic or elliptic type on M° , is respectively 
determined by the following data: 

• a simply connected, rational polytope A + defined by (|59p - (|60p . (|64p - (|65p . or 

. for some real numbers aj,f3j, cfcj (j = 1,2), subject to the integrality 
condition (|6ip . and the inequalities 



Pi < h < ct\ < a 2 , 

<% > > <q , c{ < < cf , 

as well as ([63]) or (f6?|) . when g + is of hyperbolic or elliptic type, respectively; 
two smooth functions of one variable, A{z) and B(z), satisfying 

A{a 3 ) = = Bfa); A'{a 3 ) = 2/cf, B'(fr) = -2/cf, j = 1, 2, 

and A{z) > on (a±, a 2 ) and B(z) > on {(3\, $2)- 
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8. Extremal and conformally Einstein Kahler orbifolds 

In this section we construct explicit examples of extremal ambikahler orbifolds. 
To this end, we consider that the functions A(z) and B(z) in Proposition 1111 are 
polynomials of degree < 4, satisfying the relations specified in the table of sec- 
tion 16.31 Using the boundary conditions, each of these polynomials is determined 
by the data (ay, /3j, c", c^), up to one free constant which, without loss, can be 
taken to be one of the respective coefficients. The three additional linear relations 
between the coefficients of A{z) and B{z) corresponding to the extremality con- 
dition thus impose one nontrivial algebraic (rational) relation between the data 
(a.,-, Pj, c'j, C?) (should such polynomials A(z),B(z) exist). Together with the in- 
tegrality condition (|6ip . this poses, in general, a nontrivial diophantine problem: 
we didn't attempt in this paper to classify all such 'extremal' data. Instead, we 
limit our discussion to the description of examples of compact extremal ambikahler 
orbifolds, thus leaving the classification issue for subsequent work — the parabolic 
(orthotoric) case has been resolved in [37]. We also concentrate here on ambitoric 
metrics of hyperbolic type (which provide different examples from those obtained 
in [SJ E7J ) though our arguments apply with obvious modifications to the other two 
cases too. 

Our main strategy is to use a limiting argument to establish the existence of 
examples where the data are close to known (Bochner-flat) examples. 

8.1. Weighted projective planes (revisited). We now describe the Bochner- 
flat extremal Kahler metrics of [T2] on certain weighted projective planes as am- 
bitoric metrics of hyperbolic type. 

Take B(z) := —(z — /3i)(z — $2){z — /3s)(z — ft) where the ft's are all positive 
rational numbers ordered by < ft < ft < ft < ft- We put ot\ = 02, &2 = ft and 
take A{z) = —B(z). The corresponding Kahler metric g + in the ambitoric pair of 
hyperbolic type is therefore Bochner-flat (because s_ = 0, i.e., W- = 0). In this 
case, we have a± = 02 and the discussion in section 17.2.21 goes through with the 
notable difference that 5+ compactifies on a toric orbifold whose rational Delzant 
polytope is the simplex 

Lf = -a\ix\ + [i\ - a 2 > 

4 = +/3 2 v - 14 + > 



with inward normals 



where 



c?(a!,-l), (#,-!), <£($,-!), 



2 



c 2 



(/3 2 -/3i)(/3 2 -/3 3 )(/32-/34 
2 



(ft -0l)O04- AXft-AO" 

We know from [21 [8] that the simply connected toric orbifold corresponding to such 
a simplex is a weighted projective plane CPp 1)P2jP3 , where pi,P2,P3 are positive 
coprime integers. The detailed study of the curvature of the Bochner-flat metrics 
on weighted projective spaces in [19] allows us to recover the corresponding weights 
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from the geometric data: the minimum s m , the maximum sm and the average 
value s (i.e. the integral divided on the total volume) of the scalar curvature s of 
g+ . These values can be calculated explicitly, by using the formulae in section [6J 
Specifically, we get 

Sm =6(/3l/? 4 -/?2/3 3 ); 

(70) 8 M =6(fop4-p 1 fo), 

s =2/3 4 (/3i + h + ft) - 2(/?i/3 2 + /? 2 /? 3 + /3 3 /5i). 

From [19] one deduces immediately that the weights pi < P3 < P3 are determined, 
up to a common multiple, by 

Pi = (&-/Wi + /3 2 ) 

P3 = (/34-/3i)(/3 2 +/3 3 ). 

These formulae show that any weights < p\ < p2 < P3 can be realized by this 
construction. 

We notice that s m > (i.e. the scalar curvature s is everywhere positive) pro- 
vided that /?4 is big enough. 

At the other extreme, when (3^ is close to /3 3 , the scalar curvature is positive at 
(x,y) = (/?2)/?i)) ifhiPx) and is negative at (x,y) = (/3 3 ,/3 2 ) (so that s is zero along 
a line intersecting A + ). A particular situation which we will exploit later is when 
/?4 is close to /3 3 as above, and Pi, 02, 03 satisfy /3f < /?i/3 3 : in this case the scalar 
curvature is also positive at (x,y) = (ftjft)- 

8.2. Extremal ambitoric compactifications. We now give examples of am- 
bitoric (orbifold) compactifications of the extremal ambitoric Kahler metrics of 
hyperbolic type. 

We start with the polynomial B(z) = — z 4 + 6 3 z 3 + 6 2 z 2 + b\z + feo defined in sec- 
tion l8.ll where (— l) k+l bk is the fc-th elementary symmetric function of fi\ , /3 2 , /3 3 , ft ■ 
For any rational numbers (a\, a 2 ) such that a 2 > 01 > ft) we consider the polyno- 
mial A(z) = z 4 +a 3 z 3 — 6 2 z 2 +aiz— 60, where the rational coefficients a 3 , ai are deter- 
mined from the equalities A{ai) = ^4(a 2 ) = 0. Put cf := 2/A'{a{), := 2/ A' (a 2 ). 
By construction, when oti = ft and a 2 = ft, we have A(z) = —B(z). It follows 
that > > and A(z) > on (ai,a 2 ) for any choice of (ai,a 2 ) sufficiently 
close to (ft, ft). By Remark [5] and Proposition [TT1 we get countably infinitely 
many examples of extremal ambitoric orbifolds of hyperbolic type (parameterized 
by the rational numbers ft, ft, ft, ft, ot\, a 2 ). 

8.3. Conformally Einstein Kahler orbifolds. We consider next Bach-flat am- 
bitoric orbifolds of hyperbolic type. Pairs of polynomials of degree < 4, A{z) and 
B(z), satisfying the extremality relations of section [6721 are parameterized with 7 
unknown coefficients; there is an overall scaling factor for A(z) and B(z) (intro- 
ducing homothetic metrics), so that such pairs can be identified with points of P 6 . 
The Bach-flat condition introduces an additional rational hyper-surface in P 6 (a 
quadric). If we fix the positive rational numbers ay, ft, the 4 end-point (linear) 
relations A(atj) = = B(ft) define a P 2 C P 6 . It intersects our quadric in a conic. 
So we can find pairs of polynomials with rational coefficients verifying the Bach-flat 
condition and vanishing at the given points. Such pairs determine rational Delzant 
polytopes (by putting cj = 2/A'( aj ), (?■ = -2/-B'(ft)) once we have the right signs 

of dj and (see Remark [5]). There is still the positivity condition for A(z) and 
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B{z) to be verified in order to get Bach-flat ambitoric orbifolds, for which we will 
use a limiting argument as in section 18.21 

Specifically, let B(z) = —z 4 + bsz' i + b2Z 2 + biz + bo be the polynomial introduced 
in section 18.11 and consider the 2-parameter family of polynomials 

B 7 , S (z) := -z 4 + 5b 3 z 3 + 6 2 (7, $)z 2 + ihz + 60(7, S), 

where 62(7) 8) and 61(7, S) are rational linear functions of 7 and S, defined from the 
equalities B^ t s(Pi) = B 1 ^{^2) = 0. Thus, by construction, B\^{z) = B(z). Set 

A 7 j(z) = z 4 - 7 6 3 z 3 - 62(7, 5)z 2 - 5b lZ - 60(7, 5). 

Then the pair (A~g(z), B^^(z)) satisfy the Bach-flat conditions in section [6721 Now, 
for any rational numbers a±,a2 with fa < ai, we set A^^{a.x) = A~ 1 ^(a.2) = 0, 
which are rational linear conditions that determine (7, 5). 

Thus, we constructed a family of polynomials (whose coefficients are rational 
functions of Pi, P2, Pzi P&, ai, cx.2) satisfying the Bach-flat conditions. If we take 
a% = P2 and 02 = P3 we get the pair (—B(z),B(z)) of section l8~ll By continuity, for 
any choice of (01,02) sufficiently closed to (P2,Ps), the corresponding polynomials 
will satisfy the positivity conditions and c" = 2/A'(aj), Cj = —2/B'((3j) will satisfy 

c" > > C2, < < Cg. We thus get countably- infinitely many examples of 
Bach-flat ambitoric orbifolds. 

Notice that if the scalar curvature s+ of the corresponding Bach-flat Kahler 
metric is positive on M (equivalently, on A + ), then g := -jr9+ is an Einstein, 

hermitian metric on M. Positivity of s+ can be obtained by a limiting argument 
as above, if the /3j's are chosen so that the scalar curvature of the corresponding 
Bochner-flat metric is positive (see section [871]) . 

Example 1. A specific pair of polynomials defining a Bach-flat ambitoric orbifold 
(with j3\ = 0, /?2 = 1, a\ = 2, 02 = 3) is given by 

A(z) = -z 4 + 4z 3 - z 2 - 6z, B(z) = z 4 - 6z 3 + z 2 + 4z. 

8.4. Complete Einstein metrics. This is similar to the construction of com- 
plete Einstein selfdual examples in [12]. Suppose that (M, g + ,u + ) is an ambitoric 
Bach-flat orbifold such that the scalar curvature s+ (which is an affine function of 
,^2)) is negative on a triangle T C A + . Clearly, /i _1 (T) is a compact orbifold 
with boundary (equal to the zero locus of s + ). By the Delzant construction, this 
orbifold is covered by a compact manifold with boundary N: Indeed, let C be the 
cone in M 2 defined by the two facets of A + which bound T and A be the lattice 
generated by the normals to the these facets; we thus can identify (C, A) as the 
image by the momentum map of a (standard) toric C 2 ; thus, the pre-image iV of 
T C C, is the closure of a bounded domain in C 2 . Since ds + 7^ on dN, the lift of 
g = -3-5+ to N \ dN defines a conformally compact, Einstein hermitian metric of 

negative scalar curvature; such a metric is automatically complete, see e.g. [3]. 

Examples of such ambitoric Bach-flat orbifolds can be found by the limiting argu- 
ment in section 18.31 once we have taken f3\ , 02 , , Pa such that the scalar curvature 
of the corresponding Bochner-flat metric is positive at (02, Pi), {Pz,fti), (P2, P2), and 
negative at (^3,^2) (see section I8~f]) . 

9. Relation to K-stability and nonexistence results 

We restrict attention to the case that Oj,/3j,c",c^ are all rational numbers (see 
Remark [5]). Then the corresponding polytope A + defines a toric orbifold and one 
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can ask how our constructions are related to the stability notions introduced in 
\23\ [4"3"1 145] . Referring to these works for the relevant definitions and motivation, 
we briefly recall below the material relevant to the toric orbifolds we consider. 



9.1. The extremal vector field of a toric orbifold. Let (M, J,g,ui) be a com- 
pact Kahler orbifold invariant under the action of a maximal compact subgroup G 
of the reduced group of automorphisms Hq(M, J) of (M, J). (By a result of Calabi, 
any extremal Kahler metric is invariant under such a G.) Following [26], the ex- 
tremal vector field of (M, g, J, u, G) is the Killing vector field whose Killing potential 
is the ^-projection of the scalar curvature s g of g to the space of Killing poten- 
tials (with respect to g) of elements of the Lie algebra g. Futaki and Mabuchi |26| 
showed that this definition is independent of the choice of a G-invariant Kahler 
metric within the given Kahler class f2 = [u] on (M, J) . Since the extremal vector 
field is necessarily in the centre of q, it can be equally defined if we take instead 
of G a maximal torus T in Hq(M, J). This remark is relevant to the case of toric 
orbifolds, where compatible Kahler metrics are all invariant under the (maximal) 
m-torus T, and belong to the same Kahler class when the corresponding complex 
structures are identified via an equivariant diffeomorphism (see e.g. [381 [23]). Thus, 
in the notation of section [7TTI the extremal vector field of a toric orbifold (M, J, g, u) 
is the hamiltonian vector field corresponding to the affine function — (A, /i) — B on 
t*, where A G t and B E K are introduced by the following equations: 

(j2 s a s A s + aB + 2/3 =0, 
| a rsA s + a r B + 2f3 r = 0, 



with 



a = dv, a r = fj> r dv, a rs = / fj> r iJ, s dv, 
J A J A J A 

(3 = i J Sgdv, /3 r = i J Sgfl r dv, 

where dv = d[i\ A ... A d[i m is the volume form of t*. In the sequel, we will identify 
the extremal vector field with the corresponding element —A £ t. 

In order to express f3 and (3 T only in terms of A, we use the formula for the scalar 
curvature of a compatible Kahler metric, found in [T]: 

< 71 > »»-Ea5^.>. 

where H = (H rs ) is the S' 2 t*-valued function corresponding to g (see section l7TTj) . 
By applying the divergence theorem (with inward normals) and the boundary con- 
ditions for H (see Proposition [9|) , we obtain 

P = — [ Sgdv = I dv, 
A JdA 



2 

Pr = 



— [ s g fi r dv = I \i r dv 
2 J A JdA 



Here dv is the (m — l)-form on <9A with ttj A dv = —dv on the facet with normal 

Uj. 

This computation does not use the fact that H is positive definite on the faces 
of A. It follows that the extremal vector field can be computed from any smooth 
H which satisfies the boundary conditions of Proposition [9j 
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9.2. K-energy and the relative Futaki invariant. If we parameterize compat- 
ible Kahler metrics g by their symplectic potentials U{fx) (with H = (Hess U)^ 1 
satisfying the boundary conditions of Proposition [9]), then the relative K-energy 
£ (of Mabuchi, Guan, and Simanca) on this space is introduced by the functional 
equation (see [231 EE] ) 

(dsuu) = / a (((^) + b - £ aj5£«.))ito0* 

= 2 I U(fi)dv+ [ ({A,n) + B)u(jjt)dv- [ (H, RessU(/j,))dv, 

JdA JA^ ' J A 

where we have applied twice the divergence theorem by using the boundary condi- 
tions for H given by Proposition [9) 

Still following [231 l4"5] , in the toric setting we introduce the relative Futaki in- 
variant as the functional 

(72) HU):=f U{ix)dv + \ I ({A,n)+B)u(jj)dv 

JdA 1 J A v 7 

acting on the space of symplectic potentials U, so that, using the fact that the 
derivative of logdet y is tr V~ 1 dV, we obtain the formula 

£{U) = 2F{U) - [ (logdetUessU(fi))dv, 
J A 

where, as Donaldson shows, the convergence of the integrals (in (—00,00]) follow 
from the convexity of U. 

Note that F(f) is well-defined for any continuous function /(//) on A, and the 
relationship between the relative Futaki invariant and the derivative of the relative 
K-energy shows that if /(/(/) is an affine linear function, then J-(f) = 0. 

9.3. K-stability for toric orbifolds. Following the work of Donaldson |23j and 
Szekelyhidi |43| . the notion of (relative) K-stability with respect to toric degenera- 
tions of a smooth toric variety (M, uj) turns out to be the key to understanding the 
existence of compatible extremal Kahler metric. This notion was originally intro- 
duced in [23^113] as an algebro- geometric construction in the framework of the GIT, 
but is now fully understood in terms of the corresponding Delzant polytope A and 
its associated relative Futaki functional ([72]) . see e.g. [131 Prop. 4.1.3]. This refor- 
mulation has the advantage to generalize for toric orbifolds (not only manifolds), 
and even for polytopes which are not necessarily rational Delzant [25] ■ Combining 
terminology of [30] and [43] . we give the following definition: 

Definition 13. Let (M, u) be a 2m-dimensional compact toric orbifold with Delzant 
polytope A and relative Futaki invariant T . Suppose that / is a continuous 
piecewise-linear (PL) concave function on A, i.e., / is the minimum of a finite col- 
lection of affine linear functions. Then, (M, uj) is analytically relative K-polystable 
with respect to toric degenerations if J-(f) > for any PL concave function / with 
equality if and only if / is an affine function. 

The main conjecture from [23] is that a compact toric orbifold admits a compati- 
ble extremal Kahler metric if and only if (M, uj) is analytically relative K-polystable 
with respect to toric degenerations. 

In one direction, the conjecture has been already established: by a result in 
|46j . if (M, uj) admits an extremal Kahler metric then it is analytically relative 
K-polystable with respect to toric degenerations. 
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In the other direction, a recent result of Donaldson [25] shows that for polygons 
with zero extremal vector field, the K-polystability implies existence of a CSC 
metric. 

The general extremal case remains open, which motivates us to look at the 
problem in the special cases we study here. 

9.4. K-stability for ambitoric polytopes. 

Theorem 4. Let (M, ui) be a toric orbifold with Delzant polytope A corresponding 
to the data (atj, f}j,c^,(£) as in Proposition] 1 1[ Suppose that there are polynomials 
of degree < 4, A(z) and B(z), which verify the corresponding first-order boundary 
conditions at ctj and (3j (but not necessarily the positivity conditions) and the cor- 
responding extremality relation given in section [b\M Then, the following conditions 
are equivalent 

(i) (M, lo) admits an extremal Kahler metric; 

(ii) (M, lo) is analytically relative K-polystable with respect to toric degenerations; 

(iii) A(z) > on (01,02) and B(z) > on (Pi, fa)- 

In particular, if (M,u) admits an extremal Kahler metric, this metric must be 
ambitoric. 

Proof For given A,B, let H be the corresponding matrix with entries H rs = 
g+ (K r , K s ). Since A(z) and B(z) are polynomials satisfying the corresponding 
extremal relations, at least at the points where A(x) and B(y) are nonzero we have 
a genuine (perhaps indefinite) extremal Kahler metric. Using the expression ()T1 j) 
of the scalar curvature in momentum coordinates and the fact that H verifies the 
first-order boundary conditions on <9A, we obtain 



where —A is the extremal vector field of A. Substituting back in ([72"]) . and inte- 
grating by parts, we get 



This formula makes sense for functions U which are at least twice differentiable, 
but it can be also used to calculate the action (in distributional sense) of J- on 
simple PL functions: let / be a simple concave PL function with crease on the line 
{(uf,fi) = —Cf} and Sf be the intersection of this line with A. Then 



where Vf is the positive measure on Sf introduced by the equality ut A dvf = dv. 
This formula holds for any matrix which satisfies (|73|) and the first-order boundary 
conditions on dA. In particular, if (M, u) admits an extremal (toric) metric, we 
can take the corresponding H (which will be positive definite): it follows then that 
J-(f) > for any simple concave PL function meeting A. 

For the polytopes we consider there is a special choice of line segments as follows: 
for any xo 6 (01,02) consider the line segment in (x,y) coordinates {(xo,y) : y £ 
(Pi, fa)}- It transforms in momentum coordinates to a line segment S XQ in the 



(73) 






trace(H Hess U)dv. 
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interior of A. Let u Xo be a normal of S XQ . It is straightforward to check that in any 
of the three cases Hr XOt y\(u Xo ,u Xo ) is positive multiple of A(xq). Thus, if (M, w) is 
analytically relative K-polystable with respect to toric degenerations, then A(xq) 
must be positive for any xq 6 (01,02); the argument for B{z) is similar. 

We thus showed that either of the conditions (i) and (ii) implies (iii). However, 
if A(z) and B{z) are positive, our construction produces an ambitoric extremal 
Kahler metric on (M, w), so that (iii) implies (i). The implication (i) =4> (ii) follows 
from the main result of |46[ Theorem 1.3]. 

Our final assertion follows from the uniqueness of the extremal toric Kahler 
metrics, modulo automorphisms, established in [28]. □ 

Remark 6. In the light of |23| and its extension to orbifolds in |41| . when the 
rational Delzant polytope A has rational vertices with respect to the dual lattice, 
one can also consider a weaker version of algebraic relative K-polystability with 
respect to toric degenerations, by requiring that J-(f) > for any rational PL 
continuous concave function / with equality if and only if / is an affine function. 
Presumably, this is the condition corresponding to the algebro-geometric notion 
of K-stability for the corresponding orbifold. A key observation in |23| is that in 
the case of a rational polygon with vanishing extremal vector field, the algebraic 
relative K-polystability with respect to toric degenerations is equivalent to the 
analytic one. This phenomenon is well demonstrated on our extremal examples 
too: if aj,f3j,dj,Cj are all rational numbers (so that the vertices of A are rational 
with respect to the dual lattice) and if J- > on rational PL concave functions 
which are not affine on A, we then conclude as in the proof of Theorem H] that 
A(z) must be positive at any rational point in (01,02)- It follows that A(z) > 
on (01,02) with (possibly) a repeated irrational root in this interval. As the Oj's 
and c"'s are rational, by the first order boundary conditions A(z) is a (multiple of) 
degree 4 polynomial with rational coefficients with two simple (rational) roots 01 
and 02- In particular, any double root of A (if any) must be rational too, showing 
that A{z) must be strictly positive on (01,02). Similarly, B(z) > on (Si,^)- 

Remark 7. If we make the construction in section 18.21 starting with a polynomial 
B{z) which vanishes on (/Si, ^2)) we obtain many examples of toric orbifolds which 
do not admit extremal Kahler metric at all. 

Appendix A. Killing tensors and ambitoric conformal metrics 

The material in this appendix is related to recent work of W. Jelonek [321 [33"1 [34"] 
and some well-known results in General Relativity, see |18] and |35j . To provide a 
different slant, we take a conformal viewpoint (cf. |14 [ ll6 [ [27 1 l42j) and make explicit 
the connection with Pontecorvo's description [39 1 of hermitian structures which are 
conformally Kahler. We specialize the analysis to ambitoric structures. 

A.l. Conformal Killing objects. Let (M, c) be a conformal manifold. Among 
the conformally invariant linear differential operators on M, there is a family which 
are overdetermined of finite type, sometimes known as twistor or Penrose operators; 
their kernels are variously called twistors, tractors, or other names in special cases. 
Among the examples where the operator is first order are the equations for twistor 
forms (also known as conformal Killing forms) and conformal Killing tensors, both 
of which include conformal vector fields as a special case. There is also a second 
order equation for Einstein metrics in the conformal class. Apart from the obvious 
presence of (conformal) Killing vector fields and Einstein metrics, conformal Killing 
2-tensors and twistor 2-forms are very relevant to the present work. 
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Let SqTM denote the bundle of symmetric (0, /c)-tensors So which are tracefree 
with respect to c in the sense that J2i So( £ ii e ii = for any conformal coframe £». 
In particular, for k = 2, So 6 SqTM may be identified with ao G L 2 Sym (TM) 
via ao(j (X) = 5o(a, c(X, •)) for any 1-form a and vector field X. Here Sym (TM) 
is the bundle of tracefree endomorphisms of TM which are symmetric with respect 
to c; thus do satisfies c(<Jo(X),Y) = c(X,ao(Y)) and hence defines a (weighted) 
(2, 0)-tensor So in L 4 8) SqT*M, another isomorph of SqTM (in the presence of c). 

A conformal Killing 2-tensor is a section So of SqTM such that the section 
sym Z)c>o of L~ 2 SqTM is identically zero, where D is any Weyl connection (such 
as the Levi-Civita connection of any metric in the conformal class) and sym denotes 
orthogonal projection onto L~ 2 0S^TM inside T*M®S 2 TM = L~ 2 ®TM®S 2 TM. 
Equivalently symD5o = sym(x (g) c) for some vector field \- Taking a trace, we 
find that (n + 2)x = 25 D So, where 5 D So denotes tr c DSo, which may be computed, 
using a conformal frame with dual coframe £j, as Yli D ei So(£i, •)• Thus 5o is 
conformal Killing iff 

(74) symlASo = ^ s y m ( c ® ^o), 

This is independent of the choice of Weyl connection D. On the open set where So is 
nondegenerate, there is a unique such D with 5 D 5o = 0, and hence a nondegenerate 
5o is conformal Killing if and only if there is a Weyl connection D with sym DSo = 0. 

A conformal Killing 2- form is a section of L 3 <g> A 2 T*M such that vr(D0) = 
(for any Weyl connection D) where 7r is the projection orthogonal to L? ® A 3 T*M 
and L <g> T*M in T*M <8> L 3 (g> A 2 T*M. It is often more convenient to identify 
with a section $ of L®so(TM) via 0(X,Y) = c(*(X),y), where so(TM) denotes 
the bundle of skew-symmetric endomorphisms of TM with respect to c. 

A. 2. Conformal Killing tensors and complex structures. In four dimensions 
a conformal Killing 2-form splits into selfdual and antiselfdual parts <3?±, which are 
sections of L<S>so± (TM) = L 3 <8)A 2 t T*M. Following Pontecorvo [39], nonvanishing 
conformal Killing 2-forms <3?+ and describe oppositely oriented Kahler metrics 
in the conformal class, by writing <fr± = £±J±, where £± are sections of L and J± 
are oppositely oriented complex structures: the Kahler metrics are then g± = t^c. 
Conversely if J± are Kahler with Kahler metrics g± = £± 2 c and denote the 
Levi-Civita connections of g± then D ziz (£±J±) = so &± = £±J± are conformal 
Killing 2-forms. 

The tensor product of sections and <3?_ of L (8) so+(TM) and L (g) S0-(TM) 
defines a section as a section of L 2 (S>Sym (TM), this is simply the composite 

($+ o = o $ + ); as a section of L 4 S 2 T*M it satisfies = 
K<I'.(.V).«I- (V)i. 

When $-|- = £±J± are nonvanishing, ^-i-^- = £ + £_J + J_ is a symmetric en- 
domorphism with two rank 2 eigenspaces at each point. Conversely if ao is such 
a symmetric endomorphism, we may write ao = £ 2 J+J~ for uniquely determined 
almost complex structures J± up to overall sign, and a positive section i of L. 

Proposition 12. A nonvanishing section ao = £ 2 J+J- of L 2 Sym (TM) (as 
above) is associated to a conformal Killing 2-tensor So if and only if J± are inte- 
grable complex structures which are "Kahler on average" with length scale I, in the 
sense that if D ± denote the canonical Weyl connections of J±, then the connection 
\(D + + D~) preserves the length scale £ (i.e., D + £ + D~£ = 0). 
If these equivalent conditions hold, then also syvuDSo = 0. 
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(With respect to an arbitrary metric g in the conformal class, the "Kahler on 
average" condition means that the Lee forms 9± satisfy d{9+ + 9~) = 0. In the case 
that J + and J_ both define conformally Kahler metrics g±, the metric go = £~ 2 c 
is the barycentric metric with go = f g + = f _1 g~ for some function p.) 

Proof. Let D, D + , D~ be Weyl connections with D = \{D + + D~) in the affine 
space of Weyl connections. (Thus the induced connections on L are related by 
D = D + + 9 = D~ — 9 for some 1-form 9.) Straightforward calculation shows that 

Da = D(i 2 ) ®J + oJ_+ £ 2 (D + J + o J_ + J + o D~jJ) + R 

where R is an expression (involving 9) whose symmetrization vanishes (once con- 
verted into a trilinear form using c). If J± are integrable and Kahler on average, 
then taking to be the canonical Weyl connections and t the preferred length 
scale, £ 2 J + J~ is thus associated to a conformal Killing tensor So with sym DSq = 0. 

For the converse, it is convenient (for familiarity of computation) to work with the 
associated (2,0)-tensor S with S (X,Y) = £ 2 c(J+J-X,Y). Since Sq is nondegcn- 
erate, and associated to a conformal Killing tensor, we can let D = D + = D~ be the 
unique Weyl connection with sym .D So = 0: note that sym: L 4 ®T* M <g) S 2 T* M — >■ 
L 4 (g) S 3 T*M here becomes the natural symmetrization map. Thus 

D x {£ 2 )c(J + oJ_Y,Z)= Y, t 2 (c{(D x J + )J_Y,Z)+c{j + {D x J_)Y,Z)) J 

X,Y,Z X,Y,Z 

where the sum is over cyclic permutations of the arguments. If X, Y, Z belong to 
a common eigenspace of So then the right hand side is zero — this follows because, 
for instance, c((DxJ±)J±Y,Z} is skew in Y,Z whereas the cyclic sum of the two 
terms is totally symmetric. 

It follows that Di = 0, hence the right hand side is identically zero in X, Y, Z. 
Additionally c(DxJ± m , ■) is J±-anti- invariant. Thus these 2-forms vanish when their 
arguments have opposite types ((1,0) and (0, 1)) with respect to the corresponding 
complex structure. Now suppose for example that Z\ and Z2 have type (1, 0) with 
respect to J + , but opposite types with respect to J_ (J+ and J_ are simultaneously 
diagonalizable on TM ® C). Then by substituting first X = Y = Z\, Z = Z2 into 

Y c((D x J + )J_Y,Z) = Y c((D x J_)Y,J + Z), 

X,Y,Z X,Y,Z 

and then X = Y = Z2, Z = Zi, we readily obtain 

c((D Zl J+)Z 1 ,Z 2 ) = = c((D Z2 J+)Z 1 ,Z 2 ). 

Thus Dj +x J + = J + D X J + for all X and J + is integrable. Similarly, we conclude 
J_ is integrable. □ 

Since D is the Levi-Civita connection D 9 of the "barycentric" metric g = £~ 2 c, 
it follows that So = g(J+J--, •) is a Killing tensor with respect to g, i.e., satisfies 
sym So = if and only if J + and J_ are integrable and Kahler on average, with 
barycentric metric g. More generally, we can use this result to characterize, for any 
metric g in the conformal class and any functions /, h, the case that 

(75) S(;-) = f 9 (;-) + hg(J + J.;-), 

is a Killing tensor with respect to g. If 9± are the Lee forms of (g, J^), i.e., 
Z) ± = D 9 ± 9±, then we obtain the following more general corollary. 
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Corollary 2. S = f g + hg(J + J^-, ■), with h nonvanishing, is a Killing tensor with 
respect to g if and only if: 

(76) J+ and J_ are both integrable; 

(77) fl+ = 

(78) J+df = J_ dh. 

(Obviously if h is identically zero, S is a Killing tensor if and only if / is constant.) 



A. 3. Conformal Killing tensors and the Ricci tensor. The tracefree part 
RicQ = Ric 9 — ^Scal 9 g of the Ricci tensor of a compatible metric g = /x^" 2 c on a 
conformal n-manifold (M, c) defines a tracefree symmetric (0, 2)-tensor S 9 (a,(3) = 
Ric^(cfi, (where for a E T*M, g(ofi,-) = a)), where the corresponding section 
of L 4 ® S 2 T*M is S = fJ- A g Ric o- 

The differential Bianchi identity implies that = 5 s {Ric 9 — ^Scal 9 g) = 5 9 Ric^ — 
t^dScal 9 . Hence the following are equivalent: 

• Sq is a conformal Killing tensor; 

. symLPSo = symGr 1 ® dSca/s); 

• -Ric 9 — -^p^Scal 9 g is a Killing tensor with respect to <?; 

• D 9 x Ric 9 {X,X) = ^dScal 9 (X)g(X,X) for all vector fields X. 

Riemannian manifolds (M,g) satisfying these conditions were introduced by A. 
Gray as ^.C^-manifolds [29 . Relevant for this paper is the case n = 4 and the 
assumption that Ric 9 has two rank 2 eigendistributions, which has been extensively 
studied by W. Jelonek [331 EH- 

Supposing that g is not Einstein, Corollary [2] implies, as shown by Jelonek, that 

Rid>-~Scal°g = fg + hg{J + J-',') 

is Killing with respect to g iff ([7p]) - (f75|) are satisfied. Since J± are both integrable, 
Jelonek refers to such manifolds as bihermitian Gray surfaces. It follows from [1] 
that both (g, J + ) and (g, J_) are conformally Kahler, so that in the context of the 
present paper, a better terminology would be ambikahler Gray surfaces. 

However, the key feature of such metrics is that the Ricci tensor is J-t-invariant: 
as long as J± are conformally Kahler, Proposition [6] applies to show that the man- 
ifold is either ambitoric or of Calabi type; it is not necessary that the J±-invariant 
Killing tensor constructed in the proof is equal to the Ricci tensor of g. 

Jelonek focuses on the case that the ambihermitian structure has Calabi type. 
This is justified by the global arguments he employs. In the ambitoric case, there 
are strong constraints, even locally. 

A. 4. Killing tensors and hamiltonian 2-forms. The notion of hamiltonian 2- 
forms on a Kahler manifold (M, g, J, u) has been introduced and extensively studied 
in [6l [7] . According to [7] , a J- invariant 2- form <f> is hamiltonian if it verifies the 
equation 

(79) D x <j)=-(do-A JX^ - JdaAX^, 

for any vector field X, where X" = g(X) and a = tr w = g((j),uj) is the trace of <j> 
with respect to u). An essentially equivalent (but not precisely the same) definition 
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was given in the four dimensional case in [6] , by requiring that a J-invariant 2-form 
ip is closed and its primitive part ipo satisfies 

(80) D x po = ~^da(X)uj + -(da A JX b - Jda A A b ) , 

for some smooth function a. Note that, in order to be closed, <p is necessarily of 
the form \aio + po- 

The relation between the two definitions is straightforward: ip = \aui + ipo is 
closed and verifies ([80]) if and only if (ft = <p$ + \auj satisfies ([79]) . 

Specializing Corollary [2] to the case when the metric g is Kahler with respect to 
J = J+ allows us to identify J-invariant symmetric Killing tensors with hamiltonian 
2-forms as follows: 

Proposition 13. Let S be a symmetric J-invariant tensor on a Kahler surface 
(M, g, J,oj), and ip{-,-) = S(J-,-) be the associated J-invariant 2-form. Then S is 
Killing if and only if (ft = ip — (ti u ip)u] is a hamiltonian 2-form (i.e. verifies (|79p ). 

Proof. As observed in [7J p. 407], (ft satisfies ([79]) if and only if p> = (ft + (tr^^w is a 
closed 2-form and ip = (ft — (tr u <j>)uj is the 2-form associated to a J-invariant Killing 
tensor (this is true in any complex dimension m > 1). 

Noting that the 2-forms p and ip are related by ip = ip — 2 ^f uj , we claim that 
in complex dimension m = 2, the 2-form ip = (ft — 2(tT u ip)u} is automatically closed, 
provided that ip is the 2-form associated to a J-invariant Killing tensor S. Indeed, 
under the Kahler assumption the conditions ([76]) - ([77]) specialize as 

(81) J_ is integrable, 



(82) 



It follows that (g- = h 2 g, J_,o;_ = ^_(J_-, •)) defines a Kahler metric. From 
we have 

(83) V = /w+ + /i 3 w_, 

where oo + = g(J+-, •) denotes the Kahler form of (g, J+). In particular, the trace of 
p with respect to oo + is equal to 2/ while the condition ([78]) and the fact that o;_ 
is closed imply that ip = tft — 4/ u + = —3/ uj + + /i 3 w_ is closed too. □ 

A. 5. Killing tensors associated to ambitoric structures. We have seen in the 
previous sections that there is a link between Killing tensors and ambihermitian 
structures. We now make this link more explicit in the case of ambitoric metrics. 

In the ambitoric situation, the barycentric metric go (see section [5]) satisfies 
#4_ + #^ = 0. It then follows from Corollary[2]that the (tracefree) symmetric bilinear 
form go(I-, •) (with / = J + o J_) is Killing with respect to go . More generally, let 
g be any (K\, i^2)-invariant riemannian metric in the ambitoric conformal class 
c, so that g can be written as g = hgo for some positive function h(x,y), where 
x,y are the coordinates introduced in section [SJ Then 9 9 + + 9 9 _ = —dlogh. From 
Corollary [2] again, the symmetric bilinear form So(-,-) = hg(I-,-) is conformal 
Killing. Moreover, by condition (|78|) in Proposition [21 it can be completed into a 
Killing symmetric bilinear form S = f g+So if and only if the 1-form dhol is closed. 
Since Idx = — dx and Idy = dy, dhol is closed if and only if h x dx — h y dy is closed, 
if and only if h xy = 0; the general solution is h(x,y) = F(x) — G(y), for some 
functions F, G. Note that the coefficient f(x,y) is determined by df = —Idh = 
F'(x)dx + G'(y)dy (see ([75]) ). so we can take without loss f(x,y) = F(x) + G(y). 
Thus, S is Killing, with eigenvalues (with respect to g) equal to 2F(x) and 2G(y). 
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A similar argument shows that any confer mal metric of the form g = f(z)go, 
where go is the barycentric metric of an ambikahler pair of Calabi type and z is 
the momentum coordinate introduced in section B~2| admits a nontrivial symmet- 
ric Killing tensor of the form S(-,-) = f(z)g(-,-) + f(z)g(I-, ■) (and hence with 
eigenvalues (2f(z), 0)). 

It follows that there are infinitely many conformal metrics in a given ambitoric 
conformal class, which admit nontrivial symmetric Killing tensors. 

There are considerably fewer such metrics with diagonal Ricci tensor however. 
If the ambitoric structure is induced by a metric g with diagonal Ricci tensor, then 
we must have g = + c)~ 2 g- = (/J-^)~ 2 g + for some constants p = (po,Pi,P2) 
with (q,p) = 0, a constant of integration c, and constants w = (wq,wi,W2)- Since 
(x — y) 2 g~ = q(x, y) 2 g+, this is satisfied iff c = and w = p (hence also (q, w) = 0). 
Thus g = h(x, y)go where 

w \ (x-y)q(x,y) 
h{x,y) = -2 . 

In order for g to admit a nontrivial symmetric Killing tensor, we must have h xy = 0. 
A calculation shows that this happens iff Q(p) = (i.e., p(z) has repeated roots). 
Since p is orthogonal to q, this can only happen if Q(q) > and there are generically 
(Q(q) > 0) just two solutions for p, which coincide if Q(q) = 0. 
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